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= Sumary

This notebook describes symplectic invariants fementary configurations in the 3-dimensional matomplex projective
space or the 3-sphere. Most ofthe basic consgtimety also be applied in higher dimensions. Treetétical background ce
be found in [OSIII], section 2.8. The notebook tains examples, mentioned in this book, in gredetail; some calculatior
omitted in the book are carried out here. In paltc, the classification of complex and real symricdtilinear forms and th
description ofthe corresponding quadrics is givemme additional material, e. g. the symplecticomdnalization of a vectc
sequence, iscontained too.

m Introduction

It is well known thatsymplectic scalar productis e. non degenerated skew symmetric bilineem® exist only in even—
dimensional vector spacéesvector space is called symplectita symplectic scalar product for its vectarslistinguished.
Thesymplectic groups defined as the group of linear transformatiofithe vector space preserving the symplectic sca
product; it acts transitively on the corresporgdadd-dimensional projective space, defining phejective symplectic
geometryas the theory of geometric properties invariamder this action, in the sense of F. Klein’s EganProgramm.
Since in dimension 2 the symplectic group coinciglith the special linear group, the symplectic gevimmof a projective lin
coincides with its projective geometry. The finstéresting case is the three-dimensional oneméia subject of this note
book. Closely related to the projective geometithis spherical geometry. One easily verifies, thatsymplectic groups ac
transitively also on the odd-dimensional spheremdpdouble coverings of the projective spacefeftame dimension. Th
tools developed in this notebook can also be agpbeexplore thepherical symplectic geometries

In thefirst sectionbasic concepts of symplectic linear algebra aregarged. An algorithm called symplectic orthogorediian
seemsto be new: it constructs for a given sequehaxtors a symplectic or optional an orthosyeapic sequence of vecta
with the same span. This also gives a method tioelefapted bases for subspaces. Rank and indbr gtalar product
restricted to the subspace are calculated, andyrhplectic vector sequence consists of a bastseflefect subspace and
symplectic basis for a complementary symplecticspalge within the span.

Thesecond sectioeontains some considerations of symplectic trans&ions. In particular, we introduce a very simpl
class ofthese transformations, namely siimplectic transvectionwhich generate the symplectic group.

Section 3s devoted to symplectic line geometry. The ab&®bf projective symplectic geometry is the compléthe
isotropic lines, called thabsolute null systenThe complement of the nullsystem is the set wifdgctic lines, on which the
restriction of the scalar product does not van{Bemember that the projective lines are the twoedisional vector sub
spaces.) For pairs of symplectic lines there existgmplectic invariant being similar to the distarof two lines in metric
geometries. The value ofthis invariant is the fuimresymdefined and studied in this section.
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The aim ofhe last two sectioris the classification of thguadricsn the 3-dimensional complex or real projectiveapjectic
spaces. As in Euclidean or affine geometries oassdies thesymmetric bilinear form#hose corresponding quadratic forr
define the quadrics. They are equivariantly assediavith a special class of endomorphisms,stesv symmetric operatqgref
the underlying vector space. These operators catalssified using their Jordan decompositionsdation 4hisis done for
complex symplectic spaces; for each class noromai$ ofthe operators and the bilinear forms aneéb Section Tescribes
the refinements necessary for real spaces. Altbiscase normal forms are obtained with the hélploch one may discus:
the shape ofthe quadrics.

Theappendixontains modules useful for any applicatiorMat hematica to linear algebra and the corresponding georn
tries. They are contained in tpackage vectorcalc.nThe modules specific for symplectic linear algebre collected in the
package symplecticgeo.rBoth packages are not needed for evaluating thsemt notebook; it is not recommended tc
import them, since then context or protection dotdlwould arise with the equally named functionsmdules created ir
this notebook. User who want to create their owtebooks or packages varying or continuing the abarsitions presente
here mayfind it useful to import these packagessiarting point oftheir own new notebooks.

TheReferencesnly contain a few items often used in this not@k@ more detailed bibliography can be found iB[J. The
author will be very thankful for any hints or commis, especially for critical ones. Please sendqudistions or comments t¢
the address mentioned at the end ofthe notebook.
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1. Symplectic vector space. Corresponding projectiv e
space

In this section we introduce the basic conceptywiplectic linear algebra: the scalar product,®nam matrix, symplectic
and orthosymplectic bases, polar spaces. Espedialgubsection 1.3, we construct a proceduredaymortho, being
analogousto the orthogonalization procedure inigean geometry. The constructs of subsection-1.4 are valid for any
even dimension, also if a default dimension isdefined. But for convenience, and for the testsexaimples, it is recom
mended to set the default value dim. For the Gieg3D objects considered in subsection 1.5 theudtetimension dim of
the underlying vector space must be set: dim=4

m 1.1. The symplectic scalar product ssp, grammatrix , gram
m 1.2. Symplectic and orthosymplectic bases, subspace S
m 1.3. Symplectic orthogonalization: symortho

m 1.4. Polar spaces
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m 1.5. Projective points, spherical points, and the corresponding
Graphics3D objects

2. The symplectic group, transvections

The transvections defined in this section shoulddrebe called "symplectic transvections": it vioi# proved that the symple
tic scalar product remainsinvariant und theirawti

m Definitions
m Test:transvection
m Exampleof asymplectictransformation not beingatransvection:

s Example: Affinetranslationsarenot symplectic, in general

3. Lines. The line invariant

In this section we introduce the basic invariamh &f pairs of symplectic lines, and show some®pitoperties.

3.1. Symplectic and isotropic lines
m 3.2. The symplectic invariant of a pair of symplect ic lines

m 3.3. Geometric Interpretation

3.4. The invariant sym and the scalar product for 2  -vectors

4. Associated operators and symmetric bilinear for ms

The aim ofthis and the following section is thassification ofthe quadrics in the 3-dimensiomaljpctive symplectic space
As in other linear geometries one classifies theragtric bilinear forms and applies the results ¢satibe the symplectic
geometry ofthe quadrics. To any symmetric bilinffleam corresponds a so—callekew symmetric associated operadbtrhe
underlying 4-dimensional symplectic vector spage] his correspondence is equivariant and bijecfitee associated
operators are symplectically equivalent iff thknsiar forms have this property. Now it can be mvhat two complex ske
symmetric operators are symplectically equivalditthiey have the same Jordan normal form. Therefbeesymplectic
classification is not as simple as the Euclidean.the details ofthe theory see |I. M. Jaglom [JJagll. Maltzev [Mal], and
[OsI].

m 4.1. Definitions. First Examples

m 4.2. Bilinear forms with diagonizable skew symmetri c operators and the
corresponding quadrics

m 4.3. Complex classification
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5. Real classification of symmetric bilinear forms and
the corresponding quadrics

m 5.1. Real classification of bilinear forms with dia gonizable skew
symmetric operators

m 5.2. P-quadrics

m 5.3. Degenerated bilinear forms

Appendix. Some tools of linear algebra

m A.2.1 List of the usages for all newly implemented general constructions
used or developed in this notebook

m A.2.2Vector calculus

m A.2.3 Matrix calculus
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