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Introduction

k denotes an algebraically closed field of any characteristic p > 0. Let
f € k[[X]], X = (Xo,...,X,) be a (semi-) quasi-homogeneous' power series
of weight w = (wy, . .., w,) defining an isolated singularity. We associate w with
the rational number s(w) introduced by K. Saito (see [12]), which is also said to
be the singularity index (see [1]). For k& =@, properties of sqh singularities are
intensively studied, and sqh singularities of small modality are known.

In arbitrary characteristics, a complete list is available in the case of s < 1
(cf. [2], [6], [5] for s < 1 and [9], [10] for s = 1).

This paper is a proposal to continue the classification of the above mentioned
singularities following increasing values of s. As we will see, we obtain (as well as
some other weights) in the interval (1, %] the weights of all triangle singularities
from the complex analytic case.

The values s € @ coming from such an isolated sqh singularity have as their
smallest accumulation point s = 1, with the next accumulation point being %.

Thus, in the interval above (which is the first half of (1,3] and gives the
smallest upper bound for all ”triangle weights”) there is at most a finite number
of such values of s. Those are the ones we calculate to give a list of corresponding
sqgh hypersurface singularities in any characteristic.

The computational approach to the classification of singularities has made
some progress last year with the edition of Singular 1.2, where algorithms of
[1] have been implemented. Still, there seems to be nothing comparable for the
case of p > 0. Thus, a list of sqh singularities following increasing values of s,
instead of the integer invariant of modality, may give an approach towards using
computer algebra for classification in any characteristic.

Several of the assertions here are obtained using the computer algebra systems
Singular 1.2 ([3]) and Reduce 3.6 ([8]).

1. The index set S

Let S be the set of all numbers s € IR such that over some algebraically closed
field there exists a quasi-homogeneous polynomial of weight w = (wy, ..., wy,)
having in its set of zeros an isolated singularity at the origin, and s = s(w) =
n+1—2(wo+...+w,).

'We say sqh and qh, respectively.



1.1 Proposition:

S is contained in @); its smallest accumulation points are 1 and %.

Proof: Since in any characteristic, a quasi-homogeneous polynomial f €

k[Xo,. .., Xn] defining an isolated singularity at the origin must have in its sup-
port terms of the type X! or XX, (for some j # i), i = 0,...,n we have as a
necessary condition for w = (wy, ..., w,) the system

a;w; = 1, or a;w; + w; = 1 respectively

of linear equations, which is uniquely solvable in @). Now consider the equa-
tions for w:

We may suppose w; < % for all ¢ with equality for at most one ¢ (cf. [7]).
Further, we exploit the above equations to obtain conditions for weights w with
s = s(w) < 5. Now 1.1. is obtained as indicated by the following two remarks.

1.2 Remark:

Let m be the number of weights < % for a polynomial f as above, then for
s = s(w) < 3 we have m < 3.

(This can be seen as in the proof of [10], p. 4, Lemma.)

Consider the case of two essential variables:

1.3 Lemma:

Let w = (wo, w1) with 1 < s(w) < 5. Then 5 < wo+w; < 3, and w is (up to
permutation of components) one of the following?:

(i) w=(z,-),a>7,s(w)— = for a = oo,
11
furth = (-, - = 11
urther w (4,a),a 5,...,
and w = (3,5), (5:5), (5:7)
1 a—-1 4
(ii) w:(a,a?)a ), a > 5, s(w)—>§fora—>oo,
1 2 4
further w = (3’ 3—), a>9, s(w) — 3 for a — oo,

6 2
11y (1 2 1 3 11 1 3
(2:8) (Gra1)s (5 28) (3 2) (3533
2cases depending if for some corresponding polynomial f there are two, one or no powers of
variables in the support; some weights appear several times




a—1 2
(i) w= (3 =7 3,1

and w = (5, 3), (55, 15): (35 25)

4
),a24,s(w)—>§fora—>oo,

To complete the proof of 1.1, write down the equations for the weights with 3
essential variables (seven cases) and check the condition 1 < s(w) < %; this gives
inequalities excluding accumulation points for s in that interval.

Note that the set S may be of more interest if we understand better the case
of positive characteristics. Considering only the values coming from a quasi-
homogeneous isolated hypersurface singularity over a field of characteristic 0, a
Thom-Sebastiani like construction shows us that such values of s form a subgroup
of @. It is not clear whether this assertion holds generally.

Nevertheless, increasing numbers s are presenting remarkable combinatorial
difficulties.

2. The interval of the 14 triangle weights

As we have seen, the interval (1, %] contains, at most, a finite number of

points of S. This "first half” of the interval (1, ) is given by the smallest upper
bound for s such that all "triangle weights” are contained as is shown in the
following table with the names for the weights taken from the corresponding
(semi-)quasi-homogeneous polynomials in the list of singularities (cf. [1], [14]).
Thus, a "triangle weight” is one of the weights of the 14 so called exceptional
right-unimodal hypersurface singularities, known in characteristic 0 (”triangle
singularities” ), and is denoted by one of the corresponding symbols:

Erg, Ens, Eva, Z11, Zha, Z13, Qo, Q11, Q12, Wha, Was, S11, 512, Use

There are four pairs among those which have the same index s: (Ei3, Z11),
(E14,Q10),(Z13,Q11) and (W13,S11)-3

As we see in the table below, there are further weights which do not correspond
to any of the triangle singularities. In characteristic 0, they are realized by several
hypersurface singularities of (right-) modality 2 and one of (right-) modality 3.
As before, notations for the weights are preserved for arbitrary characteristics,
but note that indices of the symbols do not necessarily coincide with the Tjurina-
number of a corresponding isolated singularity if p # 0. In the table, the right
hand column contains the modality of a nondegenerate sqgh polynomial of the
given weight in characteristic 0.

We assume all weights to be < % Since w; = % does not change s (counting
the appropriate number of variables), we only list the remaining ones (”essential
weights”). In characteristic 2, we have a different classification of quadratic forms

3These are the dual pairs in the sense of Pinkham’s ”strange duality”.



which gives rise to splitting a corresponding polynomial f into a quadratic form

and its ”essential part” requiring one variable of weight % in several cases.

Distribution of quasi-homogeneous polynomials defining isolated

singularities for 1 < s < 7/6 (ordered by increasing values of s)

s | essential support in name right-modality
weights of weight forp=20

22 | (11 3,7

21 (§a7) -,y Eio 1

16 | (1 4 5 003

15 (gaﬁ) -, Ty Zn

16 | (1 2 3 05

81(,2) 3, xy Eq3 1

13 | (11 3,8

12 (gag) -y Ey 1

13 /11 3 3,4 ,,.,2

12 (gazvg) o,y ,yz QIO 1

12 3 2 3 4

o | (s 11) Yy, Y 212 1

11 11 4,5

10 (Zag) Y Wia 1

10| /1 5 6 .03

9 (Eaﬁ) 7,7y Z13 1

10 (1 7 2) 3,2 3

2 (z, 45,2 x>, Yz, 2 Q11 1

9 311879 ’ )

10 | (11 3,9 06 2,3

9 (§7§) r—,y,2y-,TY J16 2

9 (1 3) 4 4

2 1 (3,55 5, xy Wis 1

8 4116 ’

9 1 5 3 4,2 2

8 (Za Eag) T,y =z, xz St 1

17 (1 1) 3,10

= 2570 T,y E18 2

15 | \3710 ’

% (%7%a%) x3ay51y22ay3z QIQ 1

8 2 1 3 5 7 2,3

7 (757) Y, xy- Yy Ty Z1s 2

8 1 2 3 07

7 (gaﬁ) -, Ty E1g 2

38 | (1 1 3,11

33 (gaﬁ) Ty Es 2

15 4 5 3 2, .2 3

13 (ﬁal—g,aﬁ) 7Y, Yz, Tz S12 1

7 11 3,12 ,.,8 .2, 4

6 (gaﬁ) T,y 2y ,27Y J22 3

7 11 4,6 2,3

6 (Z’ 6) r,y,xy W15 2

7 (1 7) 8 3

= | (5,37 z°, Ty VAL, 2

6 87 24 ’

7 111 3,3 4 2 2

6 (gagaZ) ry,z,1rY,2Y U12 1

7 115 3,6 0,2 12,2 .4

6 (gagaﬁ) ry,yz=, 27y, Ty Q14 2




The entries in the tables below give principal parts of sqh singularities. We
obtain any sqgh singularity with the same principal part by adding a linear combi-
nation of the listed super-diagonal monomials (with constant coefficients). This
property is based on the following generalization of theorem 12.6 from [1].

2.1 Lemma (cf. [11]):

Let f; be quasi-homogeneous of some weight w and choose monomials my, ..., mg
of weights ¢, ..., gs respectively, ¢; > 1, such that their classes form a base of
the k-subspace S of the Tjurina-algebra

T() = XN i 20,

where S is generated by the classes of all monomials of weight > 1.
Now take any power series f which is sqgh with respect to w and assume
f = fi+ X1 fq Choose a rational number ¢’ > 1 and suppose

_ of1 of1
fo = i,qiz_q: a;m; mod (f1, a—XO,...,aXn)

for some o; € k (the sum over an empty set is defined to be 0). Then f is contact
equivalent with
fi+ Y fo+ Y amity,
9,1<q<¢’ hgi=q'
!

where w(g) > ¢

The following tables give more detailed information on singularities with tri-
angle weights. In particular, all sqh forms can be obtained. The information is
obtained in two steps:

(i) Find a representative for all quasi-homogeneous polynomials with a given
weight in the contact class (”geometric part”).

(ii) Find the super-diagonal monomials in the Tjurina algebra (”standard base
calculation”).

2.2 Example: For p # 2 and the weight of Uy, (which is (3,3,)), con-
sider the monomials of weight 1. We are essentially done, if we write down a
nondegenerate cubic form in 2 variables, e.g. the product of the 3 linear forms
T, Yy, T+Yy.

In the case of characteristic 2, we obtain a further form with an additional

variable of weight 1/2.



Semi-quasi-homogeneous singularities with triangle weights, p # 2

name | principal part super-diagonal basis monomials
Eyp [2*+yf zy° (for p # 3,7)
zy®,xy®  (forp=7)
zy°, 2%y, 2yt 2%y’ (for p = 3)
Zn | 2® +ay? zty  (for p # 3)
zly, 2392 2ty?  (for p = 3)
By | 2+ xyf y®  (for p #3,5)
y®,y°  (for p=15)
2y (for p = 3)
Ei | 22 +8 zyS (for p # 3)
2y, xy®, 2y, %y, a?y®  (for p = 3)
Qo | 2° +y* +y2? zy®  (for p # 3)
Zio | 23y + oyt y®  (for p # 3)
2?y®  (for p=3)
Wio | z* +9° z?y®  (for p #5)
zyt, a*y®, a’yt  (for p =5)
Zy3 | 2®+xy® 2’y (for p # 3)
3y?, Py, 2%y?  (for p = 3)
Qu | +y’z+x23 | 2> (for p#3)
2%y, 2%2%  (for p = 3)
Wis | 2* + zy? y8
S |zt + P+ 22?2 | 232
Qe | B +y2+y32 | xy' (for p#3)
z?y?, 22z, xy*, 2?3, 2’y*  (for p = 3)
Sip | Ty +y*z+x2d | 2P
Uy | 22y +azy?+ 24 | y?2?




Semi-quasi-homogeneous singularities with triangle weights, p = 2

name | principal part super-diagonal basis monomials
Eip, |23 +9y7 x1°
3 +y" + 22 oy, yte, xy?e, Pz, wyl e, wyte, wyt
Zy | 2®+xyd zty
20 + zyd + 22 y2z, oyt 23z, 2?yz, 2tz 2dyz, plyz
Ei3 | 23 +xy° Y8
23 + zyd + 22 iz, 8, e, e, wyl ez, yb2, y 2, 82
By |2 +9° xy®, xy’
23+ ytz + 22 22z, zydz
Qo | 2% +yt + y2? 2y, 3z, wy’z, xydz
3 + y22 + yzu + u? TYU, Yzu, TZU, TYIU
Zvo | 2Py + zyt y°
23y + zyt + 22 iz, 2%z, b, 2Pz, vz, xyiz, yPz, 82
Wiy | 2%+ 4 228, 42, 1y
Yo + 2%z + 22 vz, xy’z, ayiz
Zz | 28+ 2y %y
xy® + 232 + 22 vz, 2yz
Qu | ¥ +y?z+ 22 Y23, 25, xy2?, yzt, y2d
Wis | 2* + 2y 228, 132, 2y
xyt + 222 + 22 3z, xy?z, xytz
S| 2t +yPr + 22 23y, 32, 22yz, 23y
y2z + 222 + 22u +u? | zyu, T20, Y2U, TYZU
Quz | 2®+y2+ 2 ry*2
22 +y2 + Pz +u? | ayu, yeu, 2y, oyu, wou, yieu, syzu, Tyt 2u
Sy | 2%y + 9’z + x2d xy2?
22y + 1?2+ 123 +u? | xzu, yau, 2y2?, oyu, y22iu, zyzu, 2%, cy2tu
U | 2%y +xy? + 2* 223, y23, xy2?, xyd

2%y + 2y® + 22u + u?

TZU, Y2U, TYU, TYZU




2.3 Remark:

We obtain from the above classification:

(i) Let p be none of the characteristics 2, 3, 5 or 7, then for all of the 14 tri-
angle weights there is only one non-quasi-homogeneous form up to contact-
equivalence which is obtained by adding the only super-diagonal monomial
from the table to the corresponding quasi-homogeneous part.

(ii) ”Moduli” appear e.g. in the first equation of Ui, in characteristic 2, if we
consider the negative weight deformation f;; = 2%y + 2y + 2* + sx2® + ty2*
of z?y+xy?+2*. We may choose (s,t) € IP! and obtain contact equivalence
only in finite classes.
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