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Introduction

0.1 Algebraic curves and their moduli

The subject of this thesis is the geometry of the moduli space M, of algebraic curves of
genus g. This is the universal parameter space for curves (Riemann surfaces) of genus g.
in the sense that its points correspond one to one to isomorphism classes of curves.

Algebraic curves. the objects classified by M. started to appear systematically in
mathematics around the middle of the 19th century. although interest in algebraic curves
can be traced back to Euler's study of abelian integrals in the 18th century. For most of
the 19th century. the curves people were looking at were plane curves. that is. subsets of
P? satisfying an equation F(r.y,z) = 0. where F' is a homogeneous polynomial in three
variables. Two plane curves were said to belong to the same class. if there was a birational
transformation of P? carrving one curve into another. The advantage of such an approach
(which surely appears quite cumbersome and ineffective nowadays} is that given a plane
curve of degree d. by varying the coefficients of the polynomial equation one immediately
obtains the family of all plane curves of degree d, which is itself an algebraic variety, the
projective space PHd+3)/2,

It was Riemann in his famous papers on function theory from 1857 who started the
process of lifting the curves from P? and began to view them as abstract objects. By
realizing curves as branched covers of P'. he even managed to show that for g > 2 curves
of genus ¢ depend on 3g — 3 minimal parameters, which he called moduli.

Ag Brill and Noether pointed out. Riemann himself did not think of a space whose
points would correspond to classes of curves. However. in the late 19th century. the
concept of a moduli space of curves was floating around and the existence of a variety
parametrizing genus ¢ curves was widely assumed. At that time people were already
actively studying properties of M. For instance. in 1882, Klein using topological argu-
nents due to Clebsch showed that the space of n-sheeted coverings of the Riemann sphere
with b = 2¢ + 2n — 2 branch points is irreducible. implicitly proving the irreducibility of
M. Although Severi and B. Segre among others coutinued the investigation of .M, in
the first decades of the 20th century. the first rigorous construction of My (as an analytic
variety) was due to Teichmiiller in 1940. Work by Baily in 1962 showed that .M, was an
algebraic (quasi-projective) variety and the first purely algebraic construction of M, was
carried out by Mumford in 1965 using “Geometric Invariant Theory™ {cf. [Mu2]).

At this point we want 1o make more precise what we understand by M. The moduli



space of curves M, is an algebraic variety satisfving the following properties:

e For an algebraically closed field A the points in M, (k} correspond 1:1 to ixomor-
phisni classes of curves of genus g over & If C is a complex smooth curve of genus
g. we denote by ('] € M, its moduli point.

e For any flat family 7 : ¢ — B of smooth curves of genus g, the moduli map
m o B — M, given by mi(b) := [(%] for b € B. is holomorphic. Moreover. M, isin
sone sense minimal with respect to this universal property.

It turns out that there exists 4 unique variety .M, satisfving these properties and one savs
that M coarselv represents the moduli functor of curves (we refer to \u2] for precise
definitions of these terms).

The space Mg is an irredncible quasi-projective variety of dimension 3g — 3 for g > 2.
We have that M; is a point and M, is the affine line A'. Since smooth curves can
degenerate to singular ones. M, is not a compact variety.  One can compactify M,
by enlarging the class of curves we parametrize and allowing certain singular curves.
called =table curves. These are connected. nodal curves. such that anv smooth rational
component meets the curve in at least 3 points. We get in this way the Deligne-NMumford
moduli space .Vg of stable curves (¢f. [DM]). which is an irreducible projective variety
with only mild singularities (Q-factorial).

The boundary ,Vg — M, corresponding to singular curves is a union of irreducible
divisors A, for 0 <7 < [g/2]. The general point of Ay corresponds to an irreducible curve
with one node. whereas for 1 <7 < [¢/2] the general point of \, corresponds to a curve
€y Uy Coo where Cy and ) are smooth curves of genus 7 and g — i meeting transversally
at q.

0.2 How rational is M,?

For low genus there are explicit descriptions of the variety M,. Any smooth curve of
genus 2 can be realized through the equation

¥ =(r—a;)---(r—ng). where aj.....a5€ C

If we consider the quotient of Sym®(P'y under the action of PGL(2). we realize M, as a
quotient of an open subset of C* by the svuunetric group Sq.

In the case of My, a non-lhvperelliptic curve of genus 3 can be uniquely embedded as
a smooth plane quartic. We thus have a dominant rational map from the P of plane
quartics to Mj. Almost every curve of genus 3 can be realized by varving the coefficients

Z u,Jk.r'yJ:k = 0.

1. jk>00~)~k=1

in the equation

What is essential here. is that the coefficients a4, € € can vary freely. thev do not have to
satisfy any equations. onlv a few polynomial inequalities. so that we have a way of getting
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our hands on (almost) every curve of genus 3. We say that the variety ‘Mj is unirational.

NMore generally. a variety X is called unirational if there exists a rational dominant
map from a projective space P" to X. Unirationality is a very desirable property as
it gives a parametrization of the variety. One savs that X is uniruled if there exists a
rational dominant map from a product variety ¥ x P! to X and which is not constant
on fibres {y} x P'. where y € Y. Equivalently. X is uniruled if through a general point
£+ € X there passes a rational curve. Clearly unirationality implies uniruledness.

An important birational invariant of an algebraic variety is its Nodaira dimension. For
a smooth, projective variety X. the Kodaira dimension x(.X) is defined as follows: let us
consider wy = O(A'y) the canonical sheaf on X and for m > 1 such that [mA x| # 0. we
take the rational map o pr, 0 X —— — PP AT We define

£(X) := max{dim 0 ,x, (X):m € Z, such that m~K . # 0}.

Clearly #(X) € {—2c.0.... .dim(X)}. If #(X) = dim(.X). we sav that X is of general
tvpe. If X is uniruled. then mAy = 0 for all m > 1. hence x(X) = —x. For an
arbitrary projective variety X. we define #{.X) = #(X'). where X is a desingularization
of X.

A famous conjecture in the classification theory of higher dimensional algebraic vari-
eties predicts that X is uniruled if and only if #(X') = —o>c. This is known to be true
when dim(X) < 3.

Severi was the first to study the rationality of Mgy The existence of a rational
parametrization of M, would mean that we can describe most curves of genus g by
equations depending on free parameters. In other words, we can write down more or less
explicitly the general curve of genus g and to paraphrase Mumford (see [Mu]} we would
be able to boast: ~We have seen every curve once”.

On the other hand. the non-uniruledness of M, would have pretty spectacular conse-
quences for the geometry of curves of genus g. For instance. it would imply that if C is
a general curve of genus g and S is a surface containing C such that dim'C’ > 1. then
S must be birational to C x P!. To rephrase it. the general curve of genus g does not
appear in a non-trivial linear system on any non-ruled surface {cf. [HM]). We refer to
the beginning of Chapter 1 for a more detailed history of the problem of unirationality of
M.

0.3 The Brill-Noether Theorem

We view curves as (abstract) 1-dimensional smooth. complete. algebraic varieties. Un-
derstanding the various embeddings of curves in projective spaces will add a great deal
to our knowledge of the geometry of algebraic curves.

Let " be an algebraic curve. A nondegenerate map f : C — P7 is given by a linear
series of dimension r on C. that is, a pair / = (£.V7). where £ is a line bundle on (" and
V' C HY(C. L) is a subspace of dimension r + 1. Assuming that ! is base-point-free (i.e.
for every p € C there is s € 17 such that s(p) # 0). by choosing a base (..., . sp)in VL




we obtain a map f: C — P given by f(p) := [so(p).... . sp(p)]. Tol = (L£.V) we also
associate the r-dimensional svstem of divisors

Vo= {divis) s € VY CPHYC. L))

It deg(L) = d. following classical terminology. we say that 7 = (£.17) is a g}, which
means “a group of d points moving with r degrees of freedom™. We can ask the following
question: What kind of linear series does a curve of genus ¢ have? The answer is the
following famous result (cf. TBN]):

Theorem 0.1 (Brill-Noether, 1874) A general curve of genus g has a g if and only
dfplygrd)=g—(r+1)g—d+r)>0.

To mention a few things about the history of this theorem. we note that in the 1920's after
the result had been taken for granted for 40 vears. Severi realized rhat Brill and Noether
had only proved that any component of the variety of g7's on € has dimension > plg. r.d)
but they failed to prove the existence of such a component {or the nonexistence when
plg.r.d)y < 0). The Brill-Noether Theorem was finally proved in 1920 by Griffiths and
Harvis (cf. 'GH]) nsing an old idea of Castelnuovo of specializing to a general curve of
arithmetic genus g with g nodes.

It 15 worth to outline the parameter count that prompted Brill and Noether to claim
their theorem and which brings into the picture the Brill-Noether number plg.r.d) {see
also [GriffHa] for this count).

Let € be a general curve of genus g > 3. in particular. (' is non-hyperelliptic. Consider
¢ — P97 canonically embedded and let D = Zf:lp, be a divisor of degree d on C.
Assume D is part of a g, i.e. dim D > r. Then by Riemann-Roch it follows that D
spans a (d —r — 1)-plane in P!, Since D moves in an r-dimensional family. we get that
C has a gy if and only if C' has an r-dimensional family of d-secant (¢ — r — 1)-plaues.

Since the variety of (d — r — 1)-planes meeting C' at least once has codimension ¢ —
d+r—1in G{d—r—1.g—1). it is natural to expect that the variety of {(d —r — 1)-planes
that are d-secant to " has codimension d(g — d +r —1}. Therefore we expect this variety
to be of dimension > rif and onlv if dim G(d —r—1.g — 1) —=dig —d +~r —1} > r. and

this is equivalent with plg.r.d) > 0.

0.4 Outline of the results

Chapter 1 deals with the geometry of the moduli space of curves of genus 23. It is known
that M, is of general type for ¢ > 24 and that for low values of ¢ (conjecturally for all
g < 22). the moduli space M, is uniruled. This leaves ‘My; as an interesting transition
case hetween two extremes: uniruledness and being of general type. The main result is
the following:

Theorem The KNodaira dimension of the moduli space of curves of gemis 23 is > 2.



The proof is based on the study of three explicit divisors on .My3 which turn out to
be multicanonical. Evidence is presented which suggests that the Kodaira dimension of
My is actually equal to 2. Degeneration to singular curves and the theory of limit linear
series (reviewed in Section 1.3) as well as deformation theory are the tools we use.

Chapter 2 deals with the geography (relative position} of the Brill-Noether loci

M= {[C] € M, : C carries a g}

We compare different Brill-Noether loci aud show that they are in general relative position
(transversal) inside M,. unless there are some obvious containment relations between
them. In Section 2.4 we prove under certain numerical conditions the existence of regular
(generically smooth. of the expected dimension) components of the Hilbert scheme of
curves (' C P! x P", where r > 3. The main result of Section 2.5 is the following theorem
concerning the gonality of space curves:

Theorem Let ¢ > 5 and d > & be integers with g odd and d even. such that d° > 8g.
4d < 3g 4+ 12. d* — 8 + R is not a square and either d < 18 or g < 4d — 31. Assume that

(d.g)ye{ldg)(d+1.g+1).(d+1.g+2).(d+2.9+3)}.

Then there exists a regular component of the scheme Hilby g 5. with general point a
smooth curve C' C P? of degree d' and genus ¢' and such that the gonality of (' is
min(d’ —4.{(g" + 3)/2]).

As a consequence of results from Chapter 2, we find a new proof for our result x(Myy) > 2.

In Chapter 3 certain aspects of the geometry of the moduli spaces M, ,, of n-pointed
curves of genus g are studied. For an integer ¢ = 1 mod 3 with ¢ > 4 weset d := (2g+7}/3
and we can consider the following divisors:

e On M, . the closure of the locus HF (resp. CU) consisting of l-pointed curves
(C'.p) € M, such that there exists a g5 on C with a hyperflex (resp. cusp) at the
point p.

e On Hg,g. the closure of the locus F'L consisting of those [C'. p. p2] € M, such that
there exists a g2 with flexes at both p; and ps.

We determine the classes [HF].[CU] and [FL] (in the respective Picard groups).

For an integer d > 3 we set g := 2d — 4. We denote by TR the locus of 1-pointed
curves [C.p] € My, such that there exists a degree d map f : C — P' having triple
ramification at p and at some unspecified point r € C — {p}. It turns out that TR is a
divisor on Mg ; and in Section 3.6 we compute the class [TR] in Pieg (Mg).

We close Chapter 3 by proving in Section 3.7 the following:

Theorem For g = 11.12 and 15 the universal curve C, has Kodaira dimension —x.

The first two chapters of this thesis are based on the papers



G. Farkas: The Geometry of the Moduli Space of Curves of Genus 23. to appear in
Marhematische Annalen {also available ax inath. AG /9907013 preprint).
l

G. Farkas: The Geography of Brill-Noether Loct in the Moduli Space of Curves. preliminary
version.



Chapter 1

The geometry of the moduli space of
curves of genus 23

1.1 Introduction

The problem of describing the birational geometry of the moduli space M, of complex
curves of genus g has a long history. Severi already knew in 1915 that .M, is unirational
for ¢ < 10 (cf. [Sev]: see also {AC1] for a modern proof). In the same paper Severi
conjectured that M, is unirational for all genera g. Then for a long period this problem
seemed intractable (Mumford writes in [Mu]. p.51:"Whether more M,’s. g > 11. are
unirational or not is a very interesting problem. but one which looks very hard too.
especially if ¢ is quite large™). The breakthrough came in the eighties when Eisenbud.
Harris and Mumford proved that .M, is of general tyvpe as soon as g > 24 and that the
Kodaira dimension of My, is > 1 (see [HM]. [EH3]). We note that ‘M, is rational for
g < 6 (see [Dol] for problems concerning the rationality of various moduli spaces).

Severi's proof of the unirationality of M, for small g was based on representing a
general curve of genus g as a plane curve of degree  with 4 nodes: this is possible when
d > 2¢/3+2. When the number of nodes is small. i.e. 8 < (d+1)(d + 2)/6. the dominant
map from the variety of plane curves of degree d and genus ¢ to M, yields a rational
parametrization of the moduli space. The two conditions involving d and 6 can be satisfied
only when ¢ < 10. so Severi’s argument cannot be extended for other genera. However.
using much more subtle ideas. Chang. Ran and Sernesi proved the unirationality of .M,
for ¢ = 11.12.13 (see [CR1]. [Sel]). while for g = 15.16 they proved that the Kodaira
dimension is —> (see [CR2.4] ). The remaining cases ¢ = 14 and 17 < g < 23 are still
quite mysterious. Harris and Morrison conjectured in [HMo] that M, is uniruled precisely
when g < 23.

All these facts indicate that Moy is a verv interesting trausition case. Our main result
is the following:

Theorem 1.1 The Kodaira dimension of the moduli spuce of curves of genus 23 s > 2.




We will also present some evidence for the hypothesis that the Kodaira dimension of .My,
is actually equal to 2.

1.2  Multicanonical linear systems and the Kodaira
dimension of M,

We study three multicanonical divisors on Moy, which are {modulo some boundary com-
ponents) of Brill-Noether type. and we conclude by looking at their relative position that
K(Mag) > 2.

We review some notations. We shall denote by .Vg and Eg the moduli spaces of stable
and 1-pointed stable curves of genus ¢ over C. If (' is a smooth algebraic curve of genus
g. we consider for any r and d. the scheme whose points are the gl's on . that is.

GOy ={(LV): L ePicC) .V CHYC L).dim(V) = r =1}
{ef. [ACGH]) and denote the associated Brill-Noether locus in .M, by

My =0T e My GRC) # 0}
. R
and by M, its closure in .M,
The distribution of linear series on algebraic curves is governed (to some extent) by
the Brill-Noether number

plg.r.dy:=g—(r+1)(g—d+r).

The Brill-Noether Theorem asserts that when p(g.r.d) > 0 every curve of genus g pos-
sesses a g, while when p(g.7.d) < 0 the general curve of genus g has no g}’s. hence in
this case the Brill-Noether loci are proper subvarieties of M,. When p(g.r.d) < 0. the
naive expectation that —pl{g.r.d) is the codimension of My, inside M, is in general
way off the mark. since there are plenty of examples of Brill-Noether loci of unexpected
dimension (¢f. [EH2]). However. we have Steffen’s result in one direction (see [St]):

If plg.r.d)y < 0 then each component of My 4 has codimension at most —plg.r.d) in M,

On the other hand. when the Brill-Noether number is not very negative. the Brill-Noether
loci tend to behave nicely. Existence of components of M7 o of the expected dimension
has been proved for a rather wide range. namely for those g.r.d such that p(g.r.d) < 0.
and

—g+7r+3 if  is odd:

olg.r.d) > )
ma = ~rg/(r+2)+r+3 ifriseven.

We have a complete answer only when pl(g.r.d) = —1. Eisenbud and Harris have proved in
'EH2] that in this case M, has aunigue divisorial component. and using the previously
mentioned theorem of Steffen’s. we obtain the following result:



If plg.r.d) = —1. then .V;d is an irreducible divisor of M.

We will also need Edidin’s result (see [Ed2] ) which says that for ¢ > 12 and p(g. 7. d) = =2,
all components of M ; have codimension 2. We can get codimension 1 Brill-Noether
conditions only for the genera g for which g + 1 is composite. In that case we can write

g+l=(r+1)(s—-1) s>3

and set d := rs — 1. Obviously p(g.r.d) = —1 and .V;d is an irreducible divisor. Fur-
thermore. its class has been computed (cf. [EH3] ):

[’ﬂ

'Mg.d] = Cyrd (g +3)

Z ity - 19

where ¢y, 4 is a positive rational number equal to 3y /(2¢g — 4). with g being the num-
ber of g's on a general pointed curve (Cy.¢) of genus g — 2 with ramification sequence
(0.1.2.....2) at ¢q. For g = 23 we have the following possibilities:

(ros.dy = (1.13.12). (11.3.32). (2.9.17). (7.4.24). (3.7.20). (5.5.24).

[t is immediate by Serre duality. that cases (1.13.12) and (11. 3. 32) vield the same divisor
on .Ma3. namely the 12-gonal locus M},: similarly. cases (2.9.17) and (7.4.24) vield the
divisor M3, of curves having a g#;. while cases (3.7.20) and (5.5.24) give rise to .M3,.
the divisor of curves having a g3;. Note that when the genus we are referring to is clear
from the context. we write M} = M7 .

By comparing the classes of the Brill-Noether divisors to the class of the canonical
divisor K,Vgﬂg = 13A—=260— 34, —- -+ =20,». at least in the case when g+1 is composite
we can infer that

a[.V;_,,] + bA + ( positive combination of dy.... . 84/2).

where ¢ is a positive rational number. while b > 0 as long as ¢ > 24 but b = 0 for g = 23.
As it is well-known that A is big on M. it follows that .M, is of general tvpe for ¢ > 24
and that it has non-negative Kodaira dimension when g = 23. Specifically for g = 23. we
get that there are positive integer constants m.my. msy. my such that:
3
mhk =m;[M 12]+E mh = my[ M ]+E mA = m3[ My + E. (1.1)

where F is the same positive combination of 4;.... .4;;.

Proposition 1.2.1 (Eisenbud-Harris, [EH3]) There erists a smooth curve of genus
23 that possesses a giy. but no g-. It follows that k(Mays) > 1.

Harris and Mumford proved (cf. [HM]) that \/I has only canonical singularities for ¢ > 4.
hence H( M, .. nK) = H .\/Iq nk) for each n > 0. with \/1 a desingularization of M.

9



We already know that dim(Imo,,x ) > 1. where o, : M .; —— — P is the multicanonical
map. m being as in (1.1). We will prove that ~({.My3) > 2. Indeed. let us assume that
dim(Imo,,x) = 1. Denote by ' := Imo,x the Kodaira image of Moy, We reach a
contradiction by proving two things:

o o) The Brill-Noether divisors M1,. M3- and M3 are mutually distinet.

e J) There exist smooth curves of gvnus 23 which belong to exactly two of the Brill-
Noether divisors from above. _ ’

This suffices in order to prove Theorem 1.1: since Viz .Vf; and V_io are part of different
multicanouical divisors. thev must be contained in different fibres of the multicanonical
map Omp. Hence there exists different points . y. - € €' such that

Ml,—o‘ (r)n M); .\/!I-—O_ ( )ﬁ \/[»; M’O_ ‘I(C)Q.\AQ;;.
It follows that the set-theoretic intersection of anyv two of them will be contained in the
base locus of mAy,, . In particular:
supp(.Mb,) M supp{.M7.) = suppt.M7) Nsuppl M, = supp{ M) m suppt.ML, ) (1.2)

and this contradicts 7). We complete the proof of o) and 3} is Section 1.5.

1.3 Deformation theory for g/;’s and limit linear series

We recall a few things about the variety parametrising g);'s on the fibres of the universal
curve (cf. [AC2]). and then we recap on the theory of limit linear series {¢f. [EH1]. [Mod]).
which is our main technique for the study of Mays.

Given g.r.d and a point [C'] € M,. there is a connected neighbourhood U of [C]. a
finite ramified covering A : M — U. such that M is a fine moduli space of curves (i.e.
there exists £ : C — M a universal curve}. and a proper variety over ‘M.

TG =M
which parametrizes classes of couples {C.1). with {('] € M and | € G{C). where we have
made the identification C'= ¢ '([("])
Let (C.1) be a point of G corresponding to a curve " and a linear series [ = (£, V7). where
£ e PictCy. v € HYC. L), and dim(V) = » + 1. By choosing a basis in V7. one has a
worphism f: " — P". The normal sheaf of f is defined through the exact sequence
0— T — [Ty — Ny — 0. (1.3)

By dividing out the torsion of Ny one gets to the exact sequence
wh(\re the torsion sheaf Ky (the cuspidal sheaf) is based at those points « € € where
df(r) = 0. and N} is locally free of rank r— 1. The tangent space T, (G]) fits into an
(I\A(T sequence (cf. TAC2]):

— C — Hom(V. V) — HYC. Ny) — T 1Gh) — 0. (1.5)

from which we have that dim 7,0, (G]) = 3g — 3 + plyg. r.d) + BHC. Ny
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Proposition 1.3.1 Let C' be a curve and ! € GL{C') a base point free linear series. Then
the variety G} ts smooth and of dimension 3g — 3+ plg.r.d) at the pomnt (C.l) if and only
if H'(C. Ny =0,

Remark: The condition H'(C. Ny) = 0 is automatically satisfied for r = 1 as Ny is a
sheaf with finite support. Thus G} is smooth of dimension 2g + 2d — 5. It follows that G
is birationally equivalent to the d-gonal locus M} when d < (g + 2)/2.

In Chapter 2 we will be interseted in the differential (d7 )y @ Tion(G)) — Ty My).
Let (C.1) € G} be a point such that H'(C.Ny) = 0 and assume for simplicity that
[ = {L£.V)is a complete. base point free linear series. that is. V' = H%(C. £). By standard
Kodaira-Spencer theory (see [AC2] or [Mod]) one has that

In(dm)ieqy = Im{d : HY(C. Ny) — HYC. Te)}.

where 4 is the coboundary of the cohomologyv sequence associated to {1.3). We thus get
that rk(dw)cyy = 3g — 3 — R (C. f*(Te+)). By pulling back to C the Euler sequence

r+1

00— C)_Lr — O_n(l) — Tyr — 0.

we obtain that H'(C. f*Tpr) > (Ker(po(C'. £)))". where
wo(C. L) HY(C. L) = HYC. Ko = £¥) — HO(C. Ke)

is the Petri map. We obtain thus that the differential (d7 )¢, has the expected rank
min(3g — 3.3¢g — 3 + p(g.r.d)). if and only if the Petri map is of maximal rank (which
means surjective when p(g.r,d) < 0).

It is convenient to have a description of the annihilator (Im(dm)(cy )~ C HO(C 2K ).
where we have made the identification Tjc1(My)Y = H(C.2R¢) via Serre duality. We
introduce the Gaussian map (c¢f. [CGGH])

1 (C. L) Kerpo(C. L) — HY(C. 2K ).
as follows: let us consider the evaluation sequence corresponding to (C'. L)
0— M, — HYC.L):Op — L —0.

We restrict the C-linear map H(C. L) = O¢ = Q¢ = L. s f— df 7 s. to the kernel M,
and get an O¢-linear map My — Q¢ . L. If we tensor this map with Q- = £Y. then take
global sections and finally use that HO(C'. My = Q¢ = LY) ~ Kerug(C. £). we get the map
1 (C. LY Ker pg(C. L) — HY(C.2K ). which we can loosely refer to as the “derivative’
of the Petri map.

The map p(C. £) can be explicitly described: for an element sq “ g+ ---+ 5, 7 n, €
Kerpg(C. L). with s; € HY(C. L) and n; € HYC. Q¢+ L), if we consider the meromorphic
functions f; = s;/s5 on C. we have that

i (C.L)lsg ~ o+ -+ s, = n) = sglmdfy + -+ 1.df, ).

11



An easy calculation shows that

(Im(dm )iy} = Imp {C. L) C HYC. 2K ).

Limit linear series try to answer questions of the following kind: what happens to a
family of g}'s when a smooth curve specializes to a reducible curve? Limit linear series
solve such problems for a class of reducible curves. those of compact type. A curve C is
of compact tvpe if its dual graph is a tree. A curve C is tree-like if. after deleting edges
leading from a node to itself. the dual graph becomes a tree.

Let C be a smooth curve of genus g and [ = (£.V7) € GL(C). £ € Pic?(C). V" C
H%C. L), and dim(}) = r+1. Fix p € C a point. By ordering the finite set {ord,(7}} ey
one gets the vanishing sequence of | at p:

a(p):0<ay(p)<...<d(p) <d
The ramification sequence of I at p
alp):0<alip) <. <al(p)<d—r

is defined as o!(p) = a!(p) — I and the weight of [ at p is

w'(p) = allp).
=0

A Schubert index of type (r.d) is a sequence of integers 3:0< < ... 5, <d—r. If o

and 3 are Schubert indices of type (r.d) we write o < 3 <= a; < 3;.i =0.... .r. The
point p is said to be a ramification point of [ if w!(p) > 0. The linear series [ is said to
have a cusp at pif o!(p) > (0.1,....1). For C a tree-like curve, p;,... .p, € C smooth
points and a'.... .a" Schubert indices of type (r.d). we define

GyC.(prat).. (pra™) = {1 € GR(C) s al(pr) Z a'.... al(pa) 2 @™}

This scheme can be realized naturally as a determinantal variety and its expected dimen-
sion is

n T

plg.r.d.a' ... a") = plg.r.d) — Z Z a;

=1 ;=0
If C'is a curve of compact type. a crude limit g, on C' is a collection of ordinary linear
series | = {ly € G}(Y) : Y C C is a component}, satisfving the following compatibility
condition: if ¥ and Z are components of C' with {p} =Y N Z. then

a¥ (p) + a2 (p) >d fori=0....r

r—it

If equality holds everywhere. we say that [ is a refined limit gj. The “honest™ linear series
ly € Gh(Y) is called the Y-aspect of the limit linear series /.

12




We will often use the additivity of the Brill-Noether number: if (" is a curve of compact

type. for each component ¥ C C. let gi.... .q, be the points where ¥ meets the other
components of C'. Then for any limit g}, on C we have the following inequality:
plg.r.d) Z p(l (qr). ... .a'v(gy)). (1.6
Yoo

with equality if and only if [ is a refined limit linear series.

It has been proved in [EH1] that limit linear series arise indeed as limits of ordinary
linear series on smooth curves. Suppose we are given a family 7 : C — B of genus g curves,
where B = Spec(R) with R a complete discrete valuation ring. Assume furthermore that
C is a smooth surface and that if 0. ) denote the special and generic point of B respectively,
the central fibre Cj is reduced and of compact type, while the generic geometric fibre C,
is smooth and irreducible. If [, = (£,.V}) is a g on (. there is a canonical way to
associate a crude limit series [y on Cy which is the limit of [, in a natural way: for each
component Y of Cy. there exists a unique line bundle £* on € such that

E}é,, = L, and degz(ﬁ);) =

for any component Z of Cy with Z # Y. (This implies of course that dogy(ﬁ,‘;) =d).
Define V¥ =V, "N HY(C.LY) C H%(C,. L,). Clearly. VY is a free R-module of rank r + 1.
Moreover, the composite homomorphism

VY(0) = (mLY)(0) = H(Co. L}, ) — HO(Y. )

is injective. hence Iy = (L, V¥(0)) is an ordinary gj on Y. One proves that I = {ly :
Y component of Cp} is a limit linear series.

If C is a reducible curve of compact type, [ a limit g}, on C. we say that [ is smoothable
if there exists 7 : C — B a family of curves with central fibre C' = Cy as above, and (£,, V;)
a g} on the generic fibre C,, whose limit on C (in the sense previously descrlbed) is {.
Remark: If a stable curve of compact type C. has no limit g7's. then [C] ¢ Mgd
there exists a smoothable limit g} on C. then [(] € M, od-

Now we explain a criterion due to Eisenbud and Harris (cf. [EHI1]). which gives a
sufficient condition for a limit gj; to be smoothable. Let [ be a limit g on a curve C of
compact type. Fix ¥ C C a component. and {¢;.... .¢s} =¥ N (C' =Y. Let

7:Y—=B. ¢:B—->)Y

be the versal deformation space of (Y.q;....q;). The base B can be viewed as a small
(3g(Y)—3+s)-dimensional polydisk. Using general theory one constructs a proper scheme
over B.

0: Gy (Y/B: (4.0 (g:))i-) = B
whose fibre over each b € B is 07'(b) = GL(Yy. (G:(b). o (g;))i_,). One says that [ is
dimensionally proper with respect to Y. if the Y-aspect [y is contained in some component
G of G)(Y/B:(G.a" (g;))i-,) of the expected dimension. i.e.

dim G =dim B + p(ly. o (q1).. .. a" (g,)).
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One says that [ is dimensionally proper. if it is dimensionally proper with respect to anv
component Y C €. The ‘Regeneration Theorem™ (¢f. [EH1]) states that every dimension-
ally proper limit linear series is smoothable.

The next result is a “strong Brill-Noether Theoremi™. i.e. it not only asserts a Brill-
Noether type statement. but also singles out the locus where rhe statement fails.

Proposition 1.3.2 (Eisenbud-Harris) Let C be a tree-like curve and for any compo-
nent ¥ C C. denote by qi.... .q, € Y the pomnts where Y meets the other components of
C'. Assume that for each Y the following condittons are satisfied:

a. If g(Y ) =1 then s = 1.
b. If g(Y) =2 then s =1 and q 1s not a Weierstrass point.
c. If g(Y) >3 then (Y.qi.... .q,) 15 a general s-pointed curve.

Then for py....py € C general points. p(l.o'(p)).... . al(ps)) > 0 for any limit linear
sertes on C.

Simple examples involving pointed elliptic curves show that the condition plg.r.d) >
Z’:l w!(p;) does not guarantee the existence of a linear series | € G (C) with prescribed
ramification at general points py. pa. ... . py € C. The appropriate condition in the pointed
case can be given in terms of Schubert cycles. Let a = {ag.....a,) be a Schubert index
of tyvpe (r.d) and

C =WoDW,D... D Wy =0

a decreasing flag of linear subspaces. We consider the Schubert cvcle in the Grassmanian.
To={AEGr+1Ld+ 1) dimANW, ) >2r+1—i i=0.....7}.
For a general t-pointed curve (C.p.....p) of genus g. and o'.... .a' Schubert indices

of tvpe (r.d). the necessary and sufficient condition that € has a g} with ramification o’
at p; is that

(Tu] T ﬂo' ' {7?0.1....1) # 0in H*(Gh +Ld+ I)Z) (17)
In the case t = 1 this condition can be made more explicit (cf. [EH3]): a general pointed
curve (C'.p) of genus g carries a g} with ramification sequence (ag.....a,) at p. if and
ouly if
;
Z(o,-&-g—d#rrp <g. (1.8)
i=0

where ro = max{.r.0}. One can make the following simple but nseful observation:
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Proposition 1.3.3 Let (C.p.q) be a general 2-pointed curve of genus g and (ag.... .«
a Schubert inder of type (r.d). Then C has a g having ramification sequence (ag. ... .,
at p and a cusp at q if and only of

r)
)

r

dlai+g+1-d+r), <g+1.
1=0

Proof: The condition for the existence of the g}, with ramification « at p and a cusp at
g is that o, - U(gotl . # 0 (cf. (1.7)). According to the Littlewood-Richardson rule (see

[F]). this is equivalent with >/ _ (e +g+1—d+r); < g+ 1. a

1.4 A few consequences of limit linear series

We investigate the Brill-Noether theory of a 2-pointed elliptic curve (see also [EH4]), and
we prove that .V;d M Ay is irreducible for p(g.7.d) = —1.

Proposition 1.4.1 Let (E.p,q) be a two-pointed elliptic curve. Consider the sequences
a: aqp<a<...a, <d, b: bg<b <...b < d

1. For any linear series | = (L, V) € GI(E) one has that p(l,o'(p).a'(q)) > —r. Further-
more, if p(l.a'(p). o}(g)) < —1. then p — q € Pic’(E) 4s a torsion class.

2. Assume that the sequences a and b satisfy the inequalities: d —1 < a; +b,_, <d, i =
0.....r. Then there exists at most one linear series | € G5(E) such that a'(p) = a and
a'(q) = b. Moreover, there exists eractly one such linear series | = (Og(D).V) with
D € EY9_ if and only if for each i = 0,... 7 the following is satisfied: if a; + b_; = d,
then D ~a; p+b,_; q, and if (a; +1) p+b,_; ¢ ~ D, then a;1 = a; + 1.

Proof: In order to prove 1. it is enough to notice that for dimensional reasons there must
be sections o; € V such that div(e;) > dal(p) p+ al_,(q) q. therefore. al(p) + al_;(g) < d.
By adding up all these inequalities. we get that p(l.o!(p),a!(q)) > —r. Furthermore,
p(l, ol (p), at(q)) < —1 precisely when for at least two values i < j we have equalities
a; + b.; = d. a; + b,_; = d. which means that there are sections o,.0; € V" such that
div(o;) = a; p+b,-; q. div(o;) = a; p+b,_; g. By subtracting. we see that p—¢q € Pic’(E)
is torsion. The second part of the Proposition is in fact Prop.5.2 from [EH4]. m|

Proposition 1.4.2 Let g.r.d be such that p(g.r.d) = —1. Then the intersection .-V;_d N
Ay 1s irreducible.

Proof: Let Y be an irreducible component of ,V;‘dﬁAl. Either YNIntA; # @, hence Y =
Y NIntA,. or Y € A; — IntA,. The second alternative never occurs. Indeed. if ¥ C
A, — IntA). then since codim (Y. M,) = 2. Y must be one of the irreducible components
of A, — IntA;. The components of A| — IntA; correspond to curves with two nodes. We
list these components (see [Ed1]):



e For 1 < j < g —2. 12y, is the closure of the locus in M, whose general point
corresponds to a chain composed of an elliptic curve. a curve of genus g — j — 1. and
a curve of genus j.

o The component Ay,. whose general point corresponds to the union of a smooth
elliptic curve and an irreducible nodal curve of genus ¢ — 2

e The component Ng,_; whose general point corresponds to the union of a smooth
curve of genus g — 1 and an irreducible rational curve.

As the general point of Ay ;. Ny or A, g—115 a tree-like curve which satisfies the conditions
of Prop.1.3.2 1t follows that sU(h a curve satisfies the strong’ Brill-Noether Theorem.
hence A, ; Q gd Do ;(_ M ga and Ao g & \/l .4~ @ contradiction. So. we are left
with the first possﬂnht}. = } NIntA;. We are going to determine the general point
Cle Y NIntA;. Let X = CUE.g(C) = g— 1. E elliptic. ENC = {p} such that X
carries a limit g}. say /. By the additivity of the Brill-Noetlier number. we have:

=1 =plg.r.d) > p(l.C.p)+ p(l. E. p).
Since p(l. E.p) > 0. it follows that p(l.C.p) < —1. 50 w'<(p) > r. Let us denote by
3 Cg,] x C1 — IIIT.AL

the natural map g,i\en by 3([C.pl. [E.q]) = [X := CUE/p ~ q]. We claim that if we choose
X generically, then Qo (p) =0 Ifnot. pis a ba@e point of /- and after removing the base
point we get that [C] € M]_, , . Note that p(g — 1.r.d — 1) = =2, so dim M=
3y — 8 (cf. [Ed2]). If we denote by 7 : Cg—1 — M,y the morphism which forgot% the
point’. we get that

dim 3(z (. My _14-1) X C) =39 — 6 < dim Y-

a contradiction. Hence. for the generic [X] € ¥ we must have af (p) = 0. so alF(p) = d.
Since am elliptic curve cannot have a meromorphic function with a single pole. it follows
that a 71(11) d — 2 and this implies o/ (p) > (0.1.... . 1). i.e. I~ has a cusp at p. Thus.
if we introduce the notation

Coy 01 )y =H{[C.pleCyy - GUC (p (0. 1. 11)) # 0}

th@n Y C 3(Cr_, 0.1, .1) x ;). Ou the other hand. it is known (¢f. [EH2]} that
g—1.4d

Cooi4l0.1.... 1) is irreducible of dimension 3y — 6 (that is. codimension 1 in Co-r). 50

we must have Y}’ HCy 010000 1) x C). which not only proves that \/I ;AL s

irreducible. hut also detemnne% the intersection. a

1.5 The Kodaira dimension of M
In this section we prove that #(\Myy) > 2 and we investigate closely the multicanonical
linear systems on Myy. We now describe the three multicanonical Brill-Noether divisors

from Section 2.
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o . -1
1.5.1 The divisor M;,
There is a stratification of .My given by gonality:
MyCMpC .. C M, C My

For 2 < d < g/2+ 1 one knows that M} = ,M;‘k is an irreducible variety of dimension
2g + 2d — 5. The general point of ,\/I;.d corresponds to a curve having a unique gb.

1.5.2 The divisor /—\4—?7

The Severi variety Vy, of irreducible plane curves of degree d and geometric genus g.
where 0 < g < (dgl). is an irreducible subscheme of PX+3)/2 of dimension 3d + g — 1
(cf. [H]. [Mod]). Inside V4 we consider the open dense subset U, of irreducible plane
curves of degree d having exactly 4 = (dgl) — ¢ nodes and no other singularities. There
is a global normalization map

m:Ugy — M, m([Y]) = [Y]. Y is the normalization of Y.
Whend-2<g < (dgl).d > 3. Uy has the expected number of moduli, i.e.
dim m(Uy,) = min(3g — 3,39 — 3+ plg. 2.d)).
In our case we can summarize this as follows:

Proposition 1.5.1 There is ezactly one component of G2 mapping dominantly to M3,.
The general element (C.1) € G2 corresponds to a curve C of genus 23, together with a
g%, which provides a plane model for C of degree 17 with 97 nodes.

1.5.3 The divisor My,

Here we combine the result of Eisenbud and Harris (see [EH2]) about the uniqueness of
divisorial components of G when p(g.7.d) = —1. with Sernesi's (see [Se2]) which asserts
the existence of components of the Hilbert scheme H,, parametrizing curves in P* of
degree d and genus g with the expected number of moduli. for d =3 < g < 3d—-18.d > 9.

Proposition 1.5.2 There is exactly one component of G5, mapping dominantly to M3
The general point of this component corresponds to a pair (C.l) where C is a curve of
genus 23 and | is a very ample g3;.

, . a1 . w1 52 —3
We are going to prove that the Brill-Noether divisors M,. M, and My, are mutually
distinct.

Theorem 1.2 There exists a smooth curve of genus 23 having a g%;. but no g3y 's. Equiv-
alently. one has supp(Mi) € supp(M3).


http://com.pon.ent

Proof: It suffices to construct a reducible curve .Y of compact type of genus 23. which
has a smoothable limit g7;. but no limit gi,. If /('] € My is a nearby smoothing of X
which preserves the gi.. then [C'] € M. — M3,. Let us consider the following curve:

1%} P2 E

Cy &

AYI:CHUCQUE.

where (Cy, py) and (Ch. po) are general pointed curves of genus 11. E is an elliptic curve.
and p; — ps is a primitive 9-torsion point in Pic(E)

Step 1) There is no limut g3, on X. Assume that [ is a limit 83, on X. By the additivity
of the Brill-Noether number.

=12 plley.pr) + plle,. pa) + pllg. pr.pa).

Since (C. p;) are general points in Cy;. it follows from Prop.1.3.2 that p(le. p,) > 0. hence
plle.pr.p2) < —1. On the other hand p(lg.pi.p) > —3 from Prop.1.4.1.

Denote by {ag.a;, az.as) the vanishing sequence of I at p;. and by (by, by. ba. bs) that
of [ at py. The condition (1.8) for a general pointed curve [(Ci.p;)] € Cyy to possess a g,
with prescribed ramification at the point p, and the compatibility conditions between [,
and [ at p, give that:

(14 —az) + (13 —an)r + (12— ay)s + (11 —ag)y < 11. (1.9)
and

(14 — bg)y + (13— by), + (12 = b)) + (11 — by), < L1. (1.10)
Ist case:  p(lg.py.pa) = —=3. Then a; + by ; = 20, for 7 = 0.... .3 and it immediately
follows that 20(p; — py) ~ 0 in Pic’(E). a contradiction.
2nd case: p(lg.pr.p2) = —2. We have two distinct possibilities here: i) ag + by =

20.ay + by = 20.ay + by = 20.a3 + by = 19. Then it follows that a'* (p;) = (0.9.18.19)
and a'F(py) = (0.2.11.20). while according to (1.9). a3 < 15. (because plle,.p) £1).a
contradiction. 1i) ag + by = 20,a; + by = 20.ay + by = 19. a3 + by = 20. Again, it follows
that as = ag + 18 > 15. a contradiction.

3rd case: p(lgp.pr.p2) = —1. Then p(lc,. pi) = 0 and [ is a refined limit g3;. From (1.9)
and (1.10) we must have: o'(p;) < (11.12.13.14). i = 1. 2. There arc four possibilities: 1)
to+bs = ay+by = 20.a0+b = ag+by = 19. Then o) = ag+9 < 12. 50 by = 20—y > 17.
a contradiction. 1i) ag+b3 = az+ by = 20.a3+b; = as+ by = 19. Then b3 = 20 — ¢y < 14.
50 az = ag +9 > 15. a contradiction. 1ii) ag + by = az + by = 20.a, + by = a» + by = 19,
Then b3 = 19 —ag < 14. 50 ag > ag + 9 > 15. a contradiction. iv) ag+ by = az + by =
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19.ay + by = @y + by = 20. Then by = 19 — ag < 14. 50 ay > a; + 9 > 15. a contradiction
again. We conclude that .\’ has no limit g3;.

Step 2) There exists a smoothable limit g3, on X. hence [X] € ,VfT. We construct
a limit linear series | of type g2- on X. aspect by aspect: on C; take Ic, € G1;(C}) such
that ' (p;) = (4.9.13). Note that in this case 25:0(0j+g—d+ r)y = g.so (1.8) ensures
the existence of such a g2,. On E we take [ = Vg|. where [Vg! C dp+13ps = idpa+13p |
is a g?- with vanishing sequence (4.8.13) at p;. Prop.1.4.1 ensures the existence of such a
linear series. In this way [ is a refined limit g2, on X with p(lc,.p:) = 0. p(lg. p1.p2) = —1.
We prove that [ is dimensionally proper. Let m, : C; = A, p; : A; — C;. be the versal
deformation of [(C;.p;)] € C1y. and o; : GE(Ci/ A (p,. (4.8, 11))) = A; the projection.

Since being general is an open condition. we have that o; is surjective and dim oM (t) =
plle,.pi) = 0. for each t € A,. therefore

dim G&(C,/A;. (pi. (4.8.11))) = dim A, + p(lc,. p:) = 31.

Next. let 7 : C = A, pi.pr : A — C be the versal deformation of (E.p;.ps). We prove
that
dim GZ(C/A. (pi. (4.7.11))) =dim A + p(lg.p1.p2) = 1.

This follows from Prop.1.4.1, since a 2-pointed elliptic curve (E;. p;(t). p2(t)) has at most
one g7, with ramification (4,7,11) at both p(¢) and po(t), and exactly one when 9(p () —
P2(t)) ~ 0. Hence ImGZ (C/A. (py. (4.7.11))) = {t € A : 9(pa(t) — palt)) ~ 0 in Pic’(Ey}}.
which is a divisor on A, so the claim follows and [ is a dimensionaily proper g,. a

A slight variation of the previous argument gives us:
Proposition 1.5.3 We have supp(.Vf7 NA) # supp(,fvgo NAL).

Proof: We construct a curve [Y] € A} C M3 which has a smoothable limit g2, but no
limit g3,. Let us consider the following curve:
E » P2

E, u
Ch Cy
Y I:C1UC2UE1UE.

where {Cy. po) is a general point of Cy;. (C.py.r) is a general 2-pointed curve of genus
10. (Ey. 1) is general in Cy. E is an elliptic curve. and p; — ps € Pic’(E) is a primitive
9-torsion. In order to prove that ¥ has no limit gj,. one just has to take into account that
according to Prop.1.3.3. the condition for a general 1-pointed curve (C. z) of genus g. to
have a g}, with ramification a at z is the same with the condition for a general 2-pointed
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curve (D.r.y) of genus g — 1 to have a g} with ramification a at r and a cusp at y.
Therefore we can repeat what we did in the proof of Theorem 1.2. Next. we construct /.
a smoothable limit g3- on Y take I, € G2(Co. (po. (4.8.11))).1p = 15 C Ap + 13p,.
with a!F(p,) = (4.7.11). on E| take I, = 14r + 3.1 .. and finally on €'y take I, such that
alci(p)) = (4.8. 11) aler(r) = (0.0.1). Prop.1.3.3 ensures the existence of lc,. Clearly. !
is a refined limit g3, and the proof that it is smoothable is all but identical to the one in
the last part of Theorem 1.2. O
The other cases are settled by the following:

Theorem 1.3 There exists a smooz‘h curve of genus 23 haz'mg a gi, but haumg no gi-
nor g3y Equivalently. supp(M},) € supp(M3;) and supp(ML,) € supp(.M3,).

Proof: We take the curve considered in [EH3]:

P P2 E

4 ',

Y :C1UC2UE

where (C,.p;) are general points of Cy;. E is elliptic and p, — py € Pic®(E) is a primitive
12-torsion. Clearly Y has a (smoothable) limit gl,: on C; take the pencil |12p,!. while on
E take the pencil spanned by 12p; and 12p,. It is proved in [EH3] that ¥ has no limit
gi;’s and similarly one can prove that ¥ has no limit g5, s either. We omit the details.O

Now we are going to prove that equation (1.2)
supp(Mi,) Nsupp(M3;) = supp((MZ)N supp(.M3,) = supp(.M3,) N supp(M1,)

is impossible. and as explained before. this will imply that x{.Ms3) > 2. The main step
in this direction is the following:

Proposition 1.5.4 There exists a stable curve of compact type of genus 23 which has a
smoothable imit g3,. a smoothable limit g3- (therefore also a @3- ). but has generic gonality.
that is. it does not have any limit gl.,.

Intermezzo: Before proceeding with the proof let us discuss a possible way to construct
curves of genus 23 with such special Brill-Noether properties. Since we are looking for
curves C' of genus 23 with a gi;. a possibility is to start with a (smooth) plane curve
I' C P? of degree d < 15 and obtain €' from T by several geometrical operations. We take
[ C P? smooth of degree d and pick general points pr.g, € I, for 1 < i < 6.

Let us denote by C' the curve obtained from I' by identifying p; and ¢; and by v : T — C
the normalization map. hence v(p;) = v(g,) = s, for 1 <i < 4. There exists a generalized
g2, on the integral curve ¢ which corresponds to a torsion-free rank one sheaf on C.
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Note that since C is irreducible the variety of torsion-free rank one sheaves on Cisa
compactification of Pic(C). The generalized g_j; is obtained from the (unique) gionl
by adding the nodes s; as base points. hence we have that v*(g3. ;) = 820+ )
Using results from [Ta] it is not difficult to show that the g5, ; on C' is smoothable.
that is, [C] € \/I |d-5- BY solving the equations d + 4 = 15 and (17') +6 =23 we
get d = 7T and § = 8 so we could start with a smooth plane septic T’ C P? and identify
8 pairs of general points p;.q; € I'. i = 1.....8. The resulting curve C'. of genus 23. will
have a smoothable g2, Letting the points p;. ¢; come together in pairs, we obtain a curve
of genus 23 with 8 cusps. From the point of view of the Stable Reduction Theorem (see
[Mod]) this is the same as attaching & elliptic tails to [" at the cusps.

Proof We shall consider the following stable curve X of genus 23:
r Py P | s

|

E, Ey, = Es

X:=[UE U...UEs.

where the E,'s are elliptic curves, I' C P? is a general smooth plane septic and the points

of attachment {p;} = T'U E; are general points of T'.

Step 1) There is no limit g}, on X. Assume that ! is a limit g}, on X. Since the

elliptic curves E; cannot have meromorphic functions with a single pole. we have that
a'®i(p;) < (10,12), hence o' (p,) > (0.1). that is. Ir has a cusp at p; for i =1,... . 8. We

now prove that T' has no gl,’s with cusps at the points p;.

First, we notice that dim G},(I') = p(15,1,12) = 7. Indeed, if we assume that
dim Gl,(I') > 8, by applying Keem's Theorem (cf. [ACGH], p.200) we would get that
[ possesses a g;. which is impossible since gon(I") = 6. (In general, if Y C P is a smooth
plane curve, deg(Y') = d, then gon (Y) = d — 1. and the g;_, computing the gonality is
cut out by the lines passing through a point p € Y. see [ACGH].) Next. we define the
variety

c={{laq..... gs) € GL(T) x [®:al(g) > (0.1).i=1.... .8}

and denote by 7 : © — Gl,(I') and 7, : & — T'® the two projections. For any [ € G1,(I').
the fibre 7, !(1) is finite. hence dim 3 = dim G1,(T') = 7. which shows that 7, cannot be
surjective and this proves our claim.

Step 2) There exists a smoothable limit g3; on X. hence [X] € \/l10 Ve construct [. a
limit g2, on X as follows: on T there is a (unique) g2. and we consider Ir = g2(pi+- - - +ps).
i.e. the I'— aspect Iy is obtained from the g2 by adding the base points py. ... .ps. Clearly
dt(p;) = (1.2.3) for each i. On E; we take lg, = g2(12p;) for i = 1.... .8. where g} is a
complete linear series of the form 2p; + r;|. with x; € E, — {p,}. Furthermore. a'Fp) =
(12.13.14). so | = {Ir.lg} is a refined limit g%, on X. One sees that p{lg,.a'% (p;)) =
1 for all i. plir.a' (p1).....a'"(pg)) = —15. and p(l) = —7. We now prove that [ is
dimensionally proper.




Let 7; : C; — A 1), : _\ — C; be the versal deformation space of (E,. p;). for

GElC /A (5, (12.12.12))) = G3(C /A, (py. 0)).

If 0, : G3(C;/A;. (5i.0)) — A, is the natural projection. then for each t € A;. the fibre

(7171(1‘) is isomorphic to 7, (#). the isomorphisin being given by

7 M) S g 2Dt +q € G ().

Thus. G5(C;/ A, (5,.0)) is a smooth irreducible surface. which shows that / is dimensionally
proper w.r.t. Ej. Next. let us consider 7 : X — A. ..., .ps © A — X. the versal
deformation of (. py.... .pg). We have to prove that

dim GE (X /A (i (1.1.1))) = dim A + p(lp.a'T(p;)) = 35.
There is an isomorphism over A,
GilX /A (B (L1 1)) = GHLY /A (5,.0)).

If mp : € — M is the versal deformation space of I, then we denote by Gz — M the
scheme parametrizing g#'s on curves of genus 15 mearby’ T' (See Section 1.3 for this
notation). Clearly GZ(A'/A.(5;.0)) =~ GZ x 44 A, 50 it suffices to prove that G2 has the
expected dimension at the point (T, g2). For this we use Prop.1.3.1. We have that Npjpe =
Or(7). Kt = Or(4). hence

HYT.Npjpe) = HYT.Op(=3))Y = 0.
so I is dimensionally proper w.r.t. I' as well. We conclude that 7 is smoothable.

Step 3) There exusts a smoothable limit gy, on X. that s [X] € T/Ijo First we no-
tice that there is an isomorphism I' = GE(T). given hy

'3 p—igs —pl e GyT).

Consequently. there is a 2-dimensional family of gf,’s on T of the form g}, = g} + b =
1292 —p—q . where p.g € F. Pick lo = I +15. with Ij. 1§ € GLHE). a general g, of this type.
We construct /. a limit g3, on X as follows: the -aspect is given by I} = ly(pr+ - pw). and
because of the generality of the chosen Iy we have that p(lr.a/m(p). ... .ol (pg)) = =9.
The Ej-aspect is given by [, = g}(16p;). where g} = 3p, + ;' with x; € E; — {p;}. for
{=1.....8 Itis clear that p(Ig, a5 (p;)) = 1 and that I = {I;.1g,} is a refined limit g3,
on X.

In order to prove that ' is dimensionally proper. we first notice that ' is dimensionally
proper w.r.t. the elliptic tails E,. We now prove that I’ is dimensionally proper w.r.t. I'. As
in the previous step. we consider 7 : 4 =+ A pr.... s 0 A = X the versal deformation
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of (.p1.....pg) and 7y : C — .M. the versal deformation space of I'. There is an
isomorphism over A

Gao (X /A (Pr.al™(pr). ... (Pa.aT(ps))) = GL{C/ M) Xy A

It suffices to prove that G3, = G3,(C/.M) has a component of the expected dimension
passing through (I'.lp). In this way. the genus 23 problem is turned into a deformation
theoretic problem in genus 15. Denote as usual by ¢ : G3, — .M the natural projection.
According to Prop.1.3.1 it will be enough to exhibit an element (C.1) € GJ;. sitting in the
same component as (I'.ly). such that the linear system [ is base point free and simple.
and if 0, : C — P? is the map induced by [, then H'(C.N,,) = 0. Certainly we cannot
take (' to be a smooth plane septic because in this case H'(C, N,,) # 0, as one can easily
see. Instead. we consider the 6-gonal locus in a neighbourhood of the point [I'] € M,
or equivalently, the 6-gonal locus in M, the versal deformation space of I'. One has
the projection G& — M and the scheme G; is smooth (and irreducible) of dimension
37(=2g+2d—5.¢9g=15.d=6). We denote by

tGe xam Gy — M. p([C.1L1)y = [C]
There is a stratification of M given by the number of pencils: for i > 0 we define,

M(i)? = {[C] € M : C possesses i mutually independent, base-point-free gg's }.

and M(i) := M(i)0. The strata M(i)° are constructible subsets of M. the first stra-
tum M(1) = Im (G}) is just the 6-gonal locus: the stratum M(2) is irreducible and
dim M(2) = g +4d — 7 = 32 (cf. [AC1]). We denote by M. = m(Uz15) N M the
closure of the locus of smooth plane septics in M, and by My := m(Us15) N M the
closure of the locus of curves which are normalizations of plane octics with 6 nodes. Since
the Severi varieties U7 1; and Ug 5 are irreducible, so are the loci M., and M. Fur-
thermore dim M., = 27 and dim M, = 30. We prove that M., C M. Indeed, let
us pick Y C P? a smooth plane septic, and L C P? a general line. L -Y = p; +--- + pr.
Denote Z := C UL, deg (Z) = 8.p,(Z) = 21. We consider the node p; unassigned. while
D1.-..pe are assigned. By using [Ta] Theorem 2.13. there exists a flat family of plane
curves 7 : 2 — B and a point 0 € B. such that Z; = #*(0) = Z. while for 0 # b € B.
the fibre Z, is an irreducible octic with nodes p;(b)....ps(b). and such that p,(b) — pi.
when b — 0. fori =1.....6. If 2’ — B is the family resulting bv normalizing the surface
Z.and n: 2" — B is the stable family associated to the semistable family Z" — B. then
we get that n7'(0) = Y. while n7'(b) is the normalization of Z, for b # 0. This proves
our contention.

Since M, is irreducible there is a component A of G} x 44 G¢. such that p(A) D M.
The general point of A corresponds to a curve C' and two base-point-free pencils I'. 1" €
GL(C) such that if f':C —P' and f":C — P! are the corresponding morphisms. then

o=(f. " :C =P xP
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