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ABSTRACT. We discuss the transition from uniruledness to being of general type for
moduli spaces of curves and Hurwitz spaces of covers. First, we construct and calculate
the class of a virtual divisor on the moduli space M23 of stable curves of genus 23,
having slope less than that of the canonical divisor KM23

. Provided the virtual divisor
in question is an actual divisor (which is implied by the Strong Maximal Rank Conjecture),
it follows thatM23 is a variety of general type. Secondly, we prove the effectiveness of
the canonical bundle of several Hurwitz spacesHg,k of degree k admissible covers of P1

from curves of genus 14 ≤ g ≤ 19.

Following a principle due to Mumford, most moduli spaces that appear in alge-
braic geometry (classifying curves, abelian varieties, K3 surfaces) are of general type,
with a finite number of exceptions, which are unirational, or at least uniruled. Under-
standing the transition from negative Kodaira dimension to being of general type is
usually quite difficult. With one notable exception (the moduli space of spin curves
[FV]), for all these moduli spaces there are notorious open cases, when the Kodaira di-
mension is not known. The aim of this paper is to shed some light on this change of the
birational nature of two highly related moduli spaces of curves.

In a series of landmark papers [HM], [H], [EH2] published in the 1980s, Harris,
Mumford and Eisenbud proved that Mg is a variety of general type for g > 23. This
contrasts with the classical result of Severi [Sev] thatMg is unirational for g ≤ 10 (see
[AC] for a beautiful modern treatment) and with the more recent results of Chang-Ran
[CR1], [CR2], [CR3], Sernesi [Ser], Verra [Ve] and Schreyer [Sch], which summarized,
amount to the statement thatMg is uniruled for g ≤ 16. The Slope Conjecture of Harris
and Morrison [HMo] predicted that the Brill-Noether divisors are the effective divisors
onMg having minimal slope 6 + 12

g+1 . This led people to expect thatMg changes from
uniruledness to being of general type precisely at genus g = 23. However the Slope
Conjecture turned out to be false and there are instances of effective divisors onMg for
infinitely many genera g ≥ 10 having slope less than 6 + 12

g+1 , see [FP], [F2], [F3], [Kh],
[FR]. In view of these examples it is to be expected that there should be an effective
divisor of slope less than 13

2 = 6 + 12
24 onM23 as well, which would imply thatM23 is

of general type. The best known result onM23 is the statement κ(M23) ≥ 2, proven in
[F1] via a study of the relative position of the three Brill-Noether divisors onM23.

The moduli space of curves of genus 23

One central aim of this paper is to address this transition case and reduce the cal-
culation of the Kodaira dimension ofM23 to a very plausible transversality statement
for generic curves of genus 23. We begin by describing our construction, which has
been announced as soon as 2007. By Brill-Noether theory, a general curve C of genus 23
carries a two dimensional family of linear series L ∈W 6

26(C), all satisfying h1(C,L) = 3.
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Each of these linear series is complete and very ample. Consider the multiplication map

φL : Sym2H0(C,L)→ H0(C,L⊗2).

By Riemann-Roch h0(C,L⊗2) = 30, whereas dim Sym2H0(C,L) = 28. Imposing the
condition that φL be non-injective, one expects a codimension 3 locus inside the param-
eter space of pairs [C,L]. Since this parameter space has 2-dimensional fibres overM23,
by projection, one expects a divisor inside the moduli spaceM23.

Theorem 0.1. The following locus consisting of curves of genus 23

D :=
{

[C] ∈M23 : ∃L ∈W 6
26(C) with Sym2H0(C,L)

φL−→ H0(C,L⊗2) not injective
}

is a virtual divisor onM23. The virtual class of its compactification insideM23 equals

[D]virt =
4

9

(
19

8

)(
470749λ− 72725 δ0 − 401951 δ1 −

11∑
j=2

bj δj

)
∈ CH1(M23),

where bj ≥ b1 for j ≥ 2. In particular, s
(
[D]virt

)
= 470749

72725 = 6.473 . . . < 13
2 .

Recalling [HM] that the canonical class of the moduli spaceMg can be expressed

as KMg
= 13λ − 2

∑b g
2
c

i=0 δi − δ1, Theorem 0.1 implies the following (conditional) result
on the Kodaira dimension of the moduli space of curves of genus 23:

Corollary 0.2. Assuming D is a genuine divisor onM23, that is, the multiplication map

φL : Sym2H0(C,L)→ H0(C,L⊗2)

is injective for every linear system L ∈ W 6
26(C) on a general curve C of genus 23, thenM23 is

a variety of general type.

The Maximal Rank Conjecture is originally due to Eisenbud and Harris and pre-
dicts that for a pair [C,L], where C is a general curve of genus g and L ∈ W r

d (C) is
a general linear system, the multiplication map φL : Sym2H0(C,L) → H0(C,L⊗2) is
of maximal rank. The conjecture has been the focus of much attention, both a couple
of decades ago [BE] (using embedded degenerations in projective space), as well as
very recently in the papers of Jensen and Payne [JP1], [JP2] using tropical geometry,
or [LOTZ] respectively, using limit linear series. A full solution of the Maximal Rank
Conjecture, considering the multiplication maps φkL : SymkH0(C,L) → H0(C,L⊗k) for
all k ≥ 2, has been recently found by Larson [La].

A refined version of the Maximal Rank Conjecture, taking into account every lin-
ear series L ∈ W r

d (C) on a general curve (rather than the general one), has been put
forward in [AF] Conjecture 5.4. The Strong Maximal Rank Conjecture, motivated by ap-
plications to the birational geometry ofMg, predicts that for a general curve C of genus
g and for positive integers r, d such that 0 ≤ ρ(g, r, d) ≤ r− 2, the determinantal variety{

L ∈W r
d (C) : φL : Sym2H0(C,L)→ H0(C,L⊗2) is not of maximal rank

}
has the expected dimension. The transversality assumption required in Corollary 0.2
is precisely the Strong Maximal Rank Conjecture in the case g = 23, d = 26 and r =

6. Thus via Theorem 0.1, the Strong Maximal Rank Conjecture implies that M23 is of
general type. Interesting cases of the Strong Maximal Rank Conjecture for line bundles
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L with h1(C,L) = 2 have been proved to be equivalent to Mercat’s Conjecture for rank
2 vector bundles on a generic curve and shown to hold in [BF] using K3 surfaces. One
can formulate a Strong Maximal Rank Conjecture for the maps φkL as well, though I am
unaware of applications to moduli when k ≥ 3.

The Kodaira dimension of Hurwitz spaces

The second goal of this paper is to discuss the transition from unirationality to
being of general type in the case of the Hurwitz space Hg,k classifying degree k cov-
ers C → P1 with only simple ramification, from a smooth curve C of genus g. Hur-
witz spaces provide an interesting bridge between the more accessible moduli spaces
of pointed rational curves and the moduli space of curves. We denote byHg,k the mod-
uli space of admissible covers constructed by Harris and Mumford [HM] and studied
further in [ACV]. It comes equipped with a finite branch map

b : Hg,k →M0,2g+2k−2/S2g+2k−2,

where the target is the moduli space of unordered (2g + 2k − 2)-pointed stable rational
curves, as well as with a map

σ : Hg,k →Mg,

obtained by assigning to an admissible cover the stable model of its source.
It is a fundamental question to describe the birational nature of Hg,k and one

knows much less than in the case of other moduli spaces like Mg or Ag. From Brill-
Noether theory it follows that when k ≥ g+2

2 , every curve of genus g can be represented
as a k-sheeted cover of P1, that is, σ : Hg,k → Mg is dominant, and thus Hg,k is of
general type wheneverMg is. Classically it has been known thatHg,k is unirational for
k ≤ 5, see again [AC] and references therein. Geiss [G] using liaison techniques showed
that most Hurwitz spaces Hg,6 with g ≤ 45 are unirational. Schreyer and Tanturri [ST]
put forward the hypothesis that there exist only finitely many pairs (g, k), with k ≥ 6,
such thatHg,k is not of general type.

We are particularly interested in the range k ≥ g+2
2 (when Hg,k dominates Mg)

and 14 ≤ g ≤ 19, so thatMg is either unirational/uniruled for g = 14, 15, 16, or its Ko-
daira dimension is unknown, when g = 17, 18, 19. We summarize our results showing
the positivity of the canonical bundle of Hg,k and we begin with the cases whenMg is
known to be uniruled.

Theorem 0.3. Suppose H is one of the spaces H14,9 or H16,9. Then there exists an effective
Q-divisor class E onH contracted under the map σ : H →Mg, such that the twisted canonical
class KH + E is effective.

A few comments are in order. Firstly, the boundary divisorE (that may be empty)
is supported on the locus

∑
i≥1 σ

∗(∆i) of admissible covers with source curve being of
compact type. Secondly, Theorem 0.3 is optimal. In genus 14, Verra [Ve] established the
unirationality of the Hurwitz spaceH14,8, which is a finite cover ofM14, and concluded
in this way that M14 itself is unirational. In genus 16, the map σ : H16,9 → M16 is
generically finite. Chang and Ran [CR3] showed thatM16 is uniruled (more precisely,
they proved thatKM16

is not pseudo-effective, which by now, one knows that it implies
uniruledness). This is the highest genus for whichMg is known to be uniruled.

Next, we consider the range when the Kodaira dimension ofMg is unknown.
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Theorem 0.4. Suppose H is one of the spaces H17,11 or H19,13. Then there exists an effective
Q-divisor class E onH contracted under the map σ : H →Mg, such that the twisted canonical
class KH + E is big.

We observe that the maps H17,11 → M17 and H19,13 → M19 have generically 3
and respectively 5-dimensional fibres. As in Theorem 0.3, the divisor E is supported on
the divisor

∑
i≥1 σ

∗(∆i).

Both Theorems 0.3 and 0.4 are proven at the level of a partial compactification G̃1
g,k

(described in detail in Section 3) and which incorporates only admissible covers with a
source curve whose stable model is irreducible. In each relevant genus we produce an
explicit effective divisor D̃g on G̃1

g,k such that the canonical class KG̃1
g,k

can be expressed

as a positive combination of a multiple of [D̃g] and the pull-back under the map σ of an
effective divisor onMg.

We describe the construction of these divisors in two instances and refer to Section
3 for the remaining cases and further details. First we consider the spaceH16,9 which is
a generically finite cover ofM16.

Let us choose a general pair [C,A] ∈ H16,9. We set L := KC ⊗ A∨ ∈ W 7
21(C).

Denoting by IC,L(k) := Ker
{

SymkH0(C,L) → H0(C,L⊗k)
}

, by Riemann-Roch one
computes that dim IC,L(2) = 9 and dim IC,L(3) = 72. Therefore the locus where there
exists a non-trivial syzygy, that is, the map µC,L : IC,L(2)⊗H0(C,L)→ IC,L(3) is not an
isomorphism is expected to be a divisor onH16,9. This indeed is the case and we define
the syzygy divisor

D16 :=
{

[C,A] ∈ H16,9 : IC,KC⊗A∨(2)⊗H0(C,KC ⊗A∨)
�
→ IC,KC⊗A∨(3)

}
.

The ramification divisor of the map σ : H16,9 →M16, viewed as the Gieseker-Petri divisor

GP :=
{

[C,A] ∈ H16,9 : H0(C,A)⊗H0(C,KC ⊗A∨)
�
→ H0(C,KC)

}
also plays an important role. After computing the class of the closure D̃16 of the Koszul
divisor D16 inside the partial compactification G̃1

16,9, we find the following explicit rep-
resentative for the canonical class

(1) KG̃1
16,9

=
2

5
[D̃16] +

3

5
[G̃P] ∈ CH1(G̃1

16,9).

This proves Theorem 0.3 in the case g = 16. We may wonder whether (1) is the only
effective representative of KG̃1

16,9
, which would imply that the Kodaira dimension of

H16,9 is equal to zero. To summarize, since the smallest Hurwitz cover ofM16 has an
effective canonical class, it seems unlikely that the method of establishing the uniruled-
ness/unirationality of M14 and M15 by studying a Hurwitz space covering it can be
extended to higher genera g ≥ 17.

The last case we discuss in this introduction is g = 17 and k = 11. We choose
a general pair [C,A] ∈ H17,11. The residual linear system L := KC ⊗ A∨ ∈ W 6

21(C)

induces an embedding C ⊆ P6 of degree 21. The multiplication map

φL : Sym2H0(C,L)→ H0(C,L⊗2)
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has a 2-dimensional kernel. We impose the condition that the pencil of quadrics con-

taining the image curve C
|L|
↪→ P6 be degenerate, that is, it intersects the discriminant

divisor in P
(
Sym2H0(C,L)

)
non-transversally. We thus define the locus

D17 :=
{

[C,A] ∈ H17,11 : P
(
Ker(φKC⊗A∨)

)
is a degerate pencil

}
.

Using [FR], we can compute the class [D̃17] of the closure of D17 inside G̃17,11. Compar-
ing this class to that of the canonical divisor, we obtain the relation

(2) KG̃1
17,11

=
1

5
[D̃17] +

3

5
σ∗(7λ− δ0) ∈ CH1(G̃1

17,11).

Since the class 7λ− δ0 can be shown to be big onM17, the conclusion of Theorem 0.4 in
the case g = 17 now follows.

1. THE CONSTRUCTION OF A VIRTUAL DIVISOR ONM23

The divisor D is constructed as the push-forward of a codimension 3 cycle inside
the universal parameter space of linear series of type g6

26 on curves of gensu 23. We
describe the construction of this cycle, then extend this determinantal struc ture over
a partial compactification ofM23. This will suffice to compute the virtual slope (to be
defined below) of D.

We denote byMpart
23 the open substack ofM23 consisting of curves [C] such that

W 6
25(C) = ∅ and W 7

26(C) = ∅. Basic results in Brill-Noether theory easily imply that
codim(M23−Mpart

23 ,M23) ≥ 2. In particular, for every [C] ∈Mpart
23 , the variety W 6

26(C)
is pure 2-dimensional, and each element L ∈W 6

26(C) is complete and base point free.
Let ∆p

1 ⊆ ∆1 ⊆M23 be the locus of curves [C∪yE], whereE is an arbitrary elliptic
curve and C is a smooth curve of genus 22 that verifies the Brill-Noether Theorem. The
point of attachment y ∈ C is chosen arbitrarily. Furthermore, let ∆p

0 ⊆ ∆0 ⊆ M23 be
the locus consisting of curves [Cyq := C/y ∼ q] ∈ ∆0, where [C, q] is a Brill-Noether
general curve of genus 22 (in the pointed sense of [EH2]) and y ∈ C is an arbitrary
point, together with their degenerations [C ∪q E∞], where E∞ is a rational nodal curve
(that is, E∞ is a nodal elliptic curve and j(E∞) = ∞). Observe that points of this form
describe the intersection of ∆p

0 and ∆p
1. We introduce the partial compactification

Mpart
23 :=Mpart

23 ∪∆p
0 ∪∆p

1 ⊆M23.

Note thatMpart
23 andM23∪∆0∪∆1 are isomorphic in codimension one, in particular, we

identify their Picard groups. We have that PicQ(Mpart
23 ) ∼= CH1

Q(Mpart
23 ) = Q〈λ, δ0, δ1〉,

where λ is the Hodge class, δ0 := [∆p
0] and δ1 := [∆p

1].
We consider the following desingularized universal Picard variety of degree 26

h : P̃ic
26

23 →M
part
23 ,

whose properties we describe.

(i) Over a smooth curve [C] ∈Mpart
23 , we have h−1([C]) ∼= Pic26(C).

(ii) Over a curve [C ∪ E] ∈ ∆p
1, we have h−1([C ∪ E]) ∼= Pic26(C)× Pic0(E).

(iii) If [Cyq] ∈ ∆p
0, with ν : C → Cyq being the normalization map, then

h−1
(
[Cyq]

)
= P̃ic

26
(Cyq) := P

(
Py ⊕ Pq

)
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is the desingularization of the compactified Jacobian Pic
26

(Cyq) of rank one torsion-free
sheaves on Cyq. Here, P denotes a Poincaré bundle on C×Pic26(C) and Py respectively
Pq denote the restrictions of P to {y} × Pic26(C), respectively {q} × Pic26(C). Thus a

point in P̃ic
26

(Cyq) can be though of a pair (L,Q), where L is a line bundle of degree 26

on C and Ly ⊕ Lq � Q is a 1-dimensional quotient. The map P̃ic
26

(Cyq) → Pic26
(Cyq)

assigns to a pair (L,Q) the sheaf L′ on Cyq, defined by the exact sequence

0 −→ L′ −→ ν∗L −→ Q −→ 0.

Definition 1.1. We denote by G̃6
26 the variety classifying pairs [C, `], where [C] ∈ Mpart

23

and ` is a limit linear series on (the tree-like curve) C in the sense of [EH1]. We set

σ : G̃6
26 →M

part
23

to be the proper projection map. One has a morphism G̃6
26 → P̃ ic

26

23 commuting with h
and σ, which over curves from ∆p

1 is obtained by retaining the underlying line bundle
of the genus 22-aspect of the corresponding limit linear series.

Remark 1.2. Suppose [Cyq] ∈ ∆p
0 and let L′ be a rank 1 torsion free sheaf on Cyq with

h0(L′) = 7. Then there exists a unique line bundle L ∈W 6
26(C) such that ν∗L = L′. If L′

is non-locally free, then to this point will correspond two points in G̃6
26. If L ∈W 6

25(C) is
such that ν∗L = L′, then these points are (L(q), L(q)q) and (L(y), L(y)y) respectively.

We need further notation. Let π : Cpart
23 → Mpart

23 be the universal curve and we
introduce the projection map p2 : Cpart

23 ×Mpart
23
G̃6

26 → G̃6
26. We choose a Poincaré line

bundle L over Cpart
23 ×Mpart

23
G̃6

26, such that for a curve [C ∪ E] ∈ ∆p
1 and a limit linear

series ` = (`C , `E) ∈W 6
26(C)×W 6

26(E), we have that L[C∪E,`] ∈ Pic26(C)×Pic0(E). Both
sheaves

E := (p2)∗(L) and F := (p2)∗(L⊗2)

are locally free and rank(E) = 7 and rank(F) = 30 respectively. There is a natural vector
bundle morphism over G̃6

26 given by multiplication of sections,

φ : Sym2(E)→ F ,

and we denote by U ⊆ G̃6
26 its first degeneracy locus. We set

D := σ∗(U).

Since the degeneracy locus U has expected codimension 3 inside G̃6
26, the locus D is a

virtual divisor onMpart
23 , that is, either it is a divisor, or the entire spaceMpart

23 .

Definition 1.3. We define the class of the virtual divisor D to be the quantity

[D]virt := σ∗

(
c3(F − Sym2(E))

)
∈ CH1(Mpart

23 ).

If, as the Strong Maximal Conjecture predicts, D is a divisor onMpart
23 , then its vir-

tual class coincides with its actual class. We now describe the vector bundle morphism
φ in more detail.



EFFECTIVE DIVISORS ON HURWITZ SPACES AND MODULI OF CURVES 7

Proposition 1.4. The vector bundle map φ : Sym2(E)→ F has the following local description:
(i) For [C,L] ∈ G6

26, with [C] ∈Mpart
23 being a smooth curve, one has

E(C,L) = H0(C,L) and F(C,L) = H0(C,L⊗2)

and φ(C,L) is the usual multiplication of sections.
(ii) For a point t = (C ∪y E, `C , `E) ∈ σ−1(∆p

1), where C is a curve of genus 22, E is an
elliptic curve and `C = |LC | is the C-aspect of the corresponding limit linear series, such that
LC ∈W 6

26(C) verifies h0(C,LC(−2y)) ≥ 6, one has E(t) = H0(C,LC) and

F(t) = H0(C,L⊗2
C (−2y))⊕ C · u2,

where u ∈ H0(C,LC) is any section such that ordy(u) = 0.
Assume now LC has a base point at y. Then E(t) = H0(C,LC) ∼= H0(C,LC(−y)) and

the image of the map F(t)→ H0(C,L⊗2
C ) is the subspace H0

(
C,L⊗2

C (−2y)
)
⊆ H0(C,L⊗2

C ).

(iii) Let t = [Cyq, L] ∈ σ−1(∆p
0) be a point with q, y ∈ C and L ∈ W 6

26(Cyq) be a torsion-free
sheaf of rank 1, such that h0(C, ν∗L(−y − q)) ≥ 6, where ν : C → Cyq is the normalization
map. If L is locally free, we have that

E(t) = H0(C, ν∗L) and F(t) = H0
(
C, ν∗L⊗2(−y − q)

)
⊕ C · u2,

where u ∈ H0(C, ν∗L) is any section not vanishing at both points y and q.
Assume L = ν∗(A) is a non locally free torsion-free sheaf of rank 1 on the curve Cyq,

where A ∈W 6
25(C), the image of the map F(t)→ H0(C, ν∗L⊗2) equals H0(C,A⊗2).

Proof. Both sheaves (p2)∗(L) and (p2)∗(L⊗2) are reflexive, hence in this case, also locally
free of ranks 7 and respectively 30. The local description of the fibres of both E and F
is straightforward. For E it follows from Grauert’s Theorem. In the case of F , part (i) is
immediate, whereas for part (ii), keeping the notation above, one always has the inclu-
sion H0(C,L⊗2

C (−2y))⊕ C · u2 ⊆ F(t). The conclusion follows comparing dimensions,
once we observe that u /∈ H0(C,LC(−y)), because we have W 6

24(C) = ∅. Case (iii) is
analogous. �

Our main result concerns the explicit calculation of [D]virt. In order to prove The-
orem 0.1, we describe the restriction of the morphism φ along the pull-backs of two
standard test curves in the boundary ofMpart

23 and which have been used in many other
applications: Choose a general pointed curve [C, q] of genus 22 and a general pointed
elliptic curve [E, y]. Then construct the families of stable genus 23 curves

C0 :=
{
Cyq := C/y ∼ q : y ∈ C

}
⊆ ∆p

0 ⊆M23,

and
C1 :=

{
C ∪y E : y ∈ C

}
⊆ ∆p

1 ⊆M23.

The intersection of the test curves with the generators of CH1(M23) is well-known, see
for instance [HM]

C0 · λ = 0, C0 · δ0 = deg(ωCyq) = −44, C0 · δ1 = 1 and C0 · δj = 0 for j = 2, . . . , 11,

respectively

C1 · λ = 0, C1 · δ0 = 0, C1 · δ1 = −deg(KC) = −42 and C1 · δj = 0 for j = 2, . . . , 11.
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Having fixed a general pointed curve [C, q] ∈M22,1, we first turn our attention to
the pull-back σ∗(C0) ⊆ G̃6

26. We consider the determinantal variety of dimension 3

Y :=
{

(y, L) ∈ C ×W 6
26(C) : h0(C,L(−y − q)) ≥ 6

}
,

together with the projection π1 : Y → C. Inside Y we introduce the following divisors

Γ1 :=
{

(y,A(y)) : y ∈ C, A ∈W 6
25(C)

}
and

Γ2 :=
{

(y,A(q)) : y ∈ C, A ∈W 6
25(C)

}
.

Let ϑ : Y ′ := BlΓ(Y )→ Y be the blow-up of Y along the intersection Γ of Γ1 and Γ2.

Proposition 1.5. With notation as above, there is a birational morphism of 3-folds

f : σ∗(C0)→ Y ′,

which is an isomorphism outside ϑ−1(π−1
1 (q)). The restriction of f to (π1 ◦ ϑ ◦ f)−1(q) forgets

the aspect of each limit linear series on the elliptic curveE∞. Furthermore, E|σ∗(C0) andF|σ∗(C0)

are pull-backs under f of vector bundles on Y .

Proof. We pick y ∈ C \ {q} and, as usual, ν : C → Cyq be the normalization. Recall
that W 6

26(Cyq) ⊆ Pic26
(Cyq) is the variety of rank 1 torsion-free sheaves on Cyq with

h0(Cyq, L) ≥ 7. A locally free sheaf L ∈ W 6
26(Cyq) is uniquely determined by its pull-

back ν∗(L) ∈ W 6
26(C), which has the property h0(C, ν∗L(−y − q)) = 6 (note that we

have assumed thatW 6
24(C) = ∅, thus there must exist a section of L that does not vanish

simultaneously at both y and q. In other words, the 1-dimensional quotientQ of Ly⊕Lq
is uniquely determined as ν∗(ν∗L)/L).

Assume now, L ∈ W 6
26(Cyq) is not locally free, thus L = ν∗(A), for a linear series

A ∈ W 6
25(C). Using Remark 1.2, to this point correspond two points in Y , namely

(y,A(y)) and (y,A(q)). Summarizing, for y ∈ C \ {q}, there is a birational morphism
π−1

1 (y) → W
6
26(Cyq) which is an isomorphism over the locus of locally free sheaves.

More precisely, W 6
26(Cyq) is obtained from π−1

1 (y) by identifying the disjoint divisors
Γ1 ∩ π−1

1 (y) and Γ2 ∩ π−1
1 (y).

Finally, when y = q, then Cyq degenerates to C ∪q E∞, where E∞ is a rational
nodal cubic. If (`C , `E∞) ∈ σ−1([C ∪q E∞]), then the corresponding Brill-Noether num-
bers with respect to q satisfy ρ(`C , q) ≥ 0 and ρ(`E∞ , q) ≤ 2. The statement about the
restrictions E|σ∗(C0) and F|σ∗(C0) follows, because both restrictions are defined by drop-
ping the information coming from the elliptic tail. �

We now describe the pull-back σ∗(C1) ⊆ G̃6
26. To that end, we define the 3-fold

X :=
{

(y, L) ∈ C ×W 6
26(C) : h0(L(−2y)) ≥ 6

}
,

and by slight abuse of notation, we denote again by π1 : X → C the first projection.
In what follows we use notation from [EH1] to denote vanishing sequences of

limit linear series on curves from the divisor ∆p
1. In particular, if Y is a smooth curve of

genus g and y ∈ Y , then for a linear series ` ∈ Grd(C) we denote by

ρ(`, y) := ρ(g, r, d)− w`(y)
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the adjusted Brill-Noether number. Here w` :=
∑r

i=0 α
`
i(y) is the weight of the point y with

respect to ` and α`(y) : α`0(y) ≤ . . . ≤ α`r(y) is the ramification sequence of ` at y.

Proposition 1.6. The variety X is an irreducible component of σ∗(C1). Furthermore

c3

(
F − Sym2(E)

)
|σ∗(C1)

= c3

(
F − Sym2(E)

)
|X .

Proof. By the additivity of the Brill-Noether number, if (`C , `E) ∈ σ−1([C ∪y E]) is a
limit linear series of type g6

26, we have that 2 = ρ(23, 6, 26) ≥ ρ(`C , y) + ρ(`E , y). Since
ρ(`E , y) ≥ 0, we obtain that ρ(`C , y) ≤ 2. If ρ(`E , y) = 0, then `E = 19y + |OE(7y)|.
This shows that `E is uniquely determined, while the aspect `C ∈ G6

26(C) is a complete
linear series g6

26 with a cusp at y ∈ C. This gives rise to an element from X and shows
that X × {`E} ∼= X is a component of σ∗(C1).

The other components of σ∗(C1) are indexed by Schubert indices

α := (0 ≤ α0 ≤ . . . ≤ α6 ≤ 20 = 26− 6),

such that lexicographically α > (0, 1, 1, 1, 1, 1, 1), and 7 ≤
∑6

j=0 αj ≤ 9, for we must
have −1 ≤ ρ(`C , y) ≤ 1. For such an index α, we set ᾱc := (20 − α6, . . . , 20 − α0) to be
the complementary Schubert index, then define

Xα :=
{

(y, `C) ∈ C ×G6
26(C) : α`C (y) ≥ α

}
and Zα :=

{
`E ∈ G6

26(E) : α`E (y) ≥ αc
}
.

Then the following relation holds

σ∗(C1) = X +
∑

α>(0,1,1,1,1,1,1)

mα Xα × Zα,

where the multiplicities mα can be determined via Schubert calculus but play no role in
our calculation. Our claim now follows for dimension reasons. Applying the pointed
Brill-Noether Theorem [EH2], Theorem 1.1, using that C is general, we obtain the esti-
mate dim Xᾱ = 1 + ρ(22, 6, 26) −

∑6
j=0 αj < 3, for every index α > (0, 1, 1, 1, 1, 1, 1).

In the definition of the test curve C1, the point of attachment y ∈ E is fixed, there-
fore the restrictions of both E and F are pulled-back from Xα and one obtains that
c3(F − Sym2(E))|Xᾱ×Zᾱ = 0, for dimension reasons. �

1.1. Chern numbers of tautological classes on Jacobians. Often in our calculations, we
use facts about intersection theory on Jacobians. We refer to [ACGH] Chapter VIII for
background on this topic and to [HM], [H] and [F3] for further applications to divisor
class calculations onMg. We start with a Brill-Noether general curve C of genus g and
denote by P a Poincaré line bundle on C × Picd(C) and by

π1 : C × Picd(C)→ C and π2 : C × Picd(C)→ Picd(C)

the two projections. We introduce the class η = π∗1([x0]) ∈ H2(C × Picd(C),Z), where
x0 ∈ C is an arbitrary point. After picking a symplectic basis δ1, . . . , δ2g ∈ H1(C,Z) ∼=
H1(Picd(C),Z), we consider the class

γ := −
g∑

α=1

(
π∗1(δα)π∗2(δg+α)− π∗1(δg+α)π∗2(δα)

)
∈ H2(C × Picd(C),Z).

One has the formula c1(P) = dη + γ, which describes the Hodge decomposition of
c1(P), as well as the relations γ3 = 0, γη = 0, η2 = 0 and γ2 = −2ηπ∗2(θ), see [ACGH]
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p. 335. Assuming W r+1
d (C) = ∅, that is, when the Brill-Noether number ρ(g, r + 1, d) is

negative, the smooth variety W r
d (C) admits a rank r + 1 vector bundle

M := (π2)∗

(
P|C×W r

d (C)

)
.

In order to compute the Chern numbers of M we employ repeatedly the Harris-Tu
formula [HT]. We write

r∑
i=0

ci(M∨) = (1 + x1) · · · (1 + xr+1),

and then for every class ζ ∈ H∗(Picd(C),Z) one has the following formula:

(3) xi11 · · ·x
ir+1

r+1 ζ = det
( θg+r−d+ij−j+`

(g + r − d+ ij − j + `)!

)
1≤j,`≤r+1

ζ.

One must interpret this formula the following way. Any top Chern number on W r
d (C)

can be expressed as a symmetric polynomial in the variables x1, . . . , xr+1. This number
can be calculated by applying formula (3) and symmetrizing.

We now specialize to the case of a general curve C of genus 22. By Riemann-Roch
W 6

26(C) ∼= W 1
16(C) and note that W 7

26(C) = ∅, so we can consider the rank 8 vector
bundle M on W 6

26(C). The vector bundle N := (R1π2)∗

(
P|C×W 6

26(C)

)
has rank 2 and

we explain how its two Chern classes determine all the Chern classes ofM.

Proposition 1.7. For a general curve C of genus 22, we set ci := ci(M∨), for i = 1, . . . , 8,
and yi := ci(N ), for i = 1, 2. Then the following relations hold in H∗(W 6

26(C),Z):

c1 = θ − y1, c2 =
1

2
θ2 − θy1 + y2, c3 =

1

3!
θ3 − 1

2
θ2y1 + θ2,

c4 =
1

4!
θ4 − θ3

3!
θ3y1 +

1

2
θ2y2, c5 =

1

5!
θ5 − 1

4!
θ4y1 +

1

3!
θ3y2,

c6 =
1

6!
θ6 − 1

5!
θ5y1 +

1

4!
θ4y2, and c7 =

1

7!
θ7 − 1

6!
θ6y1 +

1

5!
θ5y2.

Proof. Let us fix a divisor D ∈ Ce of large degree. We write down the exact sequence

0→M→ (π2)∗

(
P ⊗O(π∗D)

)
→ (π2)∗

(
P ⊗O(π∗1D)|π∗1D

)
→ R1π2∗

(
P|C×W 6

26(C)

)
→ 0.

Then we use that ctot

(
(π2)∗(P ⊗ O(π∗1D))

)
= e−θ, whereas the total Chern class of the

vector bundle (π2)∗

(
P ⊗O(π∗1D)|π∗1D

)
, for the divisor D is fixed. One obtains

ctot(R
1π)2∗

(
P|C×W 6

26(C)

)
· e−θ =

8∑
i=0

(−1)ici,

Hence ci+2 = 1
i!y2θ

i− 1
(i+1)!yiθ

i+1 + 1
(i+2)!θ

i+2, for all i ≥ 0, which finishes the proof. �

Using Proposition 1.7, any Chern number on the smooth 8-fold W 6
26(C) can be

expressed purely in terms of monomials in the classes u1, u2 and θ, where u1 and u2 are
the Chern roots of N , that is,

y1 = c1(N ) = u1 + u2 and y2 = c2(N ) = u1 · u2.
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We record for further use the following formal identities on Htop(W 6
26(C),Z), which

are obtained by applying formula (3) in the case g = 22, r = 1 and d = 16, using the
canonical isomorphism H1(C,L) ∼= H0

(
C,KC ⊗ L∨

)∨ provided by Serre duality.

u3
1θ

5 =
4 · 22!

11! · 7!
, u3

2θ
5 = − 2 · 22!

8! · 10!
, u2

1θ
6 =

3 · 22!

10! · 7!
, u2

2θ
6 = − 22!

8! · 9!
, u1θ

7 =
2 · 22!

7! · 9!
,

u2θ
7 = 0, u1u

4
2θ

3 = − 2 · 22!

9! · 11!
, u4

1u2θ
3 =

4 · 22!

8! · 12!
, u2

1u2θ
5 =

2 · 22!

8! · 10!
, u1u

2
2θ

5 = 0,

u2
1u

3
2θ

3 = 0, u3
1u

2
2θ

3 =
2 · 22!

9! · 11!
, u2

1u
2
2θ

4 =
22!

9! · 10!
, u4

1θ
4 =

5 · 22!

7! · 12!
, u4

2θ
4 = − 3 · 22!

8! · 11!
,

u3
1u2θ

4 =
3 · 22!

8! · 11!
, u1u

3
2θ

4 = − 22!

9! · 10!
, u1u2θ

6 =
22!

8! · 9!
, θ8 =

22!

7! · 8!
.

To compute the corresponding Chern numbers on W 6
26(C), one uses Proposition

1.7 and the previous formulas. Each Chern number corresponds to a degree 8 polyno-
mial in u1, u2 and θ, which is symmetric in u1 and u2.

We compute the classes of the loci X and Y appearing in Propositions 1.5 and 1.6:

Proposition 1.8. Let [C, q] be general 1-pointed curve of genus 22 and letM denote the tau-
tological rank 7 vector bundle over W 6

26(C) and ci := ci(M∨) ∈ H2i(W 6
26(C),Z) as before.

Then the following hold:
(i) [X] = π∗2(c6)− 6ηθπ∗2(c4) + (94η + 2γ)π∗2(c5) ∈ H12(C ×W 6

26(C),Z).
(ii) [Y ] = π∗2(c6)− 2ηθπ∗2(c4) + (25η + γ)π∗2(c3) ∈ H12(C ×W 6

26(C),Z).

Proof. Recall that W 6
26(C) is smooth of dimension 8. We realize X as the degeneracy

locus of a vector bundle morphism over C×W 6
26(C). For each pair (y, L) ∈ C×W 6

26(C),
there is a natural map

H0(C,L⊗O2y)
∨ → H0(C,L)∨

which globalizes to a vector bundle morphism ζ : J1(P)∨ → π∗2(M)∨ over C ×W 6
26(C).

Then we have the identification X = Z1(ζ), that is, X is the first degeneracy locus of
ζ. The Porteous formula yields [X] = c6

(
π∗2(M∨)− J1(P∨)

)
. To evaluate this class, we

write down the exact sequence over C × Pic26(C) involving the jet bundle

0 −→ π∗1(KC)⊗ P −→ J1(P) −→ P −→ 0.

We can compute the total Chern class of the (formal inverse of the) jet bundle

ctop(J1(P)∨)−1 =
(∑
j≥0

(deg(L)η + γ)j
)
·
(∑
j≥0

(
(2g(C)− 2 + deg(L))η + γ

)j)
=

(1 + 26η + γ + γ2 + · · · )(1 + 68η + γ + γ2 + · · · ) = 1− 6ηθ + 94η + 2γ,

leading to the formula for [X].
In order to compute [Y ] we proceed in a similar way. We denote by

µ, ν : C × C × Pic26(C)→ C × Pic26(C)
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the two projections, by ∆ ⊆ C×C×Pic26(C) the diagonal and set Γq := {q}×Pic26(C).
We introduce the rank 2 vector bundle B := µ∗

(
ν∗(P) ⊗ O∆+ν∗(Γq)

)
defined over C ×

W 6
26(C). We note that there is a bundle morphism χ : B∨ → (π2)∗(M)∨, such that

Y = Z1(χ). Since we also have that

ctop(B∨)−1 =
(

1 + (deg(L)η + γ) + (deg(L)η + γ)2 + · · ·
)
·
(
1− η

)
,

we immediately obtained the stated expression for [Y ]. �

Proposition 1.9. Let C be a general curve of genus 22 and consider the vector bundles A2 and
B2 on C × Pic26(C) having fibres

A2(y, L) = H0
(
C,L⊗2(−2y)

)
and B2(y, L) = H0

(
C,L⊗2(−y − q)

)
,

respectively. One has the following formulas:

c1(A2) = −4θ − 4γ − 146η, c1(B2) = −4θ − 2γ − 51η,

c2(A2) = 8θ2 + 560ηθ + 16γθ, c2(B2) = 8θ2 + 196ηθ + 8θγ,

c3(A2) = −32

3
θ3 − 1072ηθ2 − 32θ2γ and c3(B2) = −32

3
θ3 − 376ηθ2 − 16θ2γ.

Proof. Immediate application of Grothendieck-Riemann-Roch with respect to the map
ν : C × C × Pic26(C) → C × Pic26(C) defined above. The vector bundle A2 is realized
as a push-forward under the map ν:

A2 = ν!

(
µ∗
(
P⊗2 ⊗OC×C×Pic26(C)(−2∆)

))
= ν∗

(
µ∗
(
P⊗2 ⊗OC×C×Pic26(C)(−2∆)

))
,

and we apply Grothendieck-Riemann-Roch to ν. One finds that ch2(A2) = 8ηθ and
chn(A2) = 0, for n ≥ 3. Furthermore, ν∗(c1(P)2) = −2θ. The case of B2 is similar and
we skip the details. �

2. THE VIRTUAL CLASS OF D.

In this section we complete the calculation of the virtual class [D]virt. We shall use
repeatedly that if V is a vector bundle of rank r + 1 on a stack X , the Chern classes of
its second symmetric product can be computed as follows:

(i) c1(Sym2(V)) = (r + 2)c1(V).
(ii) c2(Sym2(V)) = r(r+3)

2 c2
1(V) + (r + 3)c2(V).

(iii) c3(Sym2(V)) = r(r+4)(r−1)
6 c3

1(V) + (r + 5)c3(V) + (r2 + 4r − 1)c1(V)c2(V).

We expand the virtual class

[D]virt = σ∗

(
c3(F − Sym2(E))

)
= aλ− b0δ0 − b1δ1 ∈ A1(Mpart

23 ).

Our task is to determine the coefficients a, b0 and b1. As we shall explain at the end
of this section, this suffices in order to estimate the other coefficients in the boundary
expansion of [D]virt and thus compute the slope s

(
[D]virt

)
, under the assumption that

D is indeed a divisor. We begin with the coefficient of δ1:

Theorem 2.1. Let C be a general curve of genus 22 and denote by C1 ⊆ ∆1 ⊆ M23 the
associated test curve. Then the coefficient of δ1 in the expansion of [D]virt is equal to

b1 =
1

2g(C)− 2
σ∗(C1) · c3

(
F − Sym2(E)

)
= 13502337992 =

4

9

(
19

8

)
401951.
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Proof. We intersect the degeneracy locus of the map φ : Sym2(E) → F with the 3-fold
σ∗(C1) = X +

∑
ᾱmαXᾱ × Zᾱ, where recall that dim Xα < 3, for all Schubert indices

α > (0, 1, 1, 1, 1, 1, 1). Therefore, as already explained in Proposition 1.6, it is enough to
estimate the contribution coming from X and we can write

σ∗(C1) · c3

(
F − Sym2(E)

)
= c3(F|X)− c3(Sym2E|X)− c1(F|X)c2(Sym2E|X)+

+2c1(Sym2E|X)c2(Sym2E|X)−c1(Sym2E|X)c2(F|X)+c2
1(Sym2E|X)c1(F|X)−c3

1(Sym2E|X).

We now evaluate the terms that appear in the right-hand-side of this expression.

In the course of proving Proposition 1.8, we set-up a vector bundle morphism
ζ : J1(P)∨ → π∗2(M)∨. The kernel Ker(ζ) is locally free of rank 1. If U is the line bundle
on X with fibre

U(y, L) =
H0(C,L)

H0(C,L(−2y))
↪→ H0(C,L⊗O2y)

over a point (y, L) ∈ X , then one has the following exact sequence over X

0 −→ U −→ J1(P) −→ Ker(ζ)∨ −→ 0.

In particular, c1(U) = 2γ+94η−c1(Ker(ζ))∨. The products of the Chern class of Ker(ζ)∨

with other classes on C ×W 6
26(C) can be computed from the formula in [HT]:

(4) c1(Ker(ζ)∨) · ξ|X = −c7

(
π∗2(M)∨ − J1(P)∨

)
· ξ|X

= −
(
π∗2(c7)− 6ηθπ∗2(c5) + (94η + 2γ)π∗2(c6)

)
· ξ|X ,

where ξ ∈ H2(C ×W 6
26(C),Z).

If A3 denotes the rank 31 vector bundle on X having fibres

A3(y, L) = H0(C,L⊗2)

(and constructed in an obvious way as push-forward of a line bundle on the triple prod-
uctC×C×Pic26(C)), thenU⊗2 can be embedded in theA3/A2. We consider the quotient

G :=
A3/A2

U⊗2
.

The morphismU⊗2 → A3/A2 vanishes along the locus of pairs (y, L) whereL has a base
point, which implies that G has torsion along the Γ ⊆ X consisting of pairs (q, A(q)),
where A ∈ W 6

25(C).Furthermore, F|X is identified as a subsheaf of A3 with the kernel
of the map A3 → G. Summarizing, there is an exact sequence of vector bundles on X

0→ A2|X −→ F|X −→ U⊗2 −→ 0.

Over a general point of (y, L) ∈ X , this sequence reflects the decomposition

F(y, L) = H0(C,L⊗2(−2y))⊕ C · u2,

where u ∈ H0(C,L) is such that ordy(u) = 1.
Hence

c1(F|X) = c1(A2|X) + 2c1(U), c2(F|X) = c2(A2|X) + 2c1(A2|X)c1(U) and

c3(F|X) = c3(A2) + 2c2(A2|X)c1(U).

Recalling that E|X = π∗2(M)|X , we obtain that:

σ∗(C1) · c3

(
F − Sym2E

)
= c3(A2|X) + c2(A2|X)c1(U⊗2)− c3(Sym2π∗2M|X)−
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−
(r(r + 3)

2
c1(π∗2M|X)+(r+3)c2(π∗2M|X)

)
·
(
c1(A2|X)+c1(U⊗2)−2(r+2)c1(π∗2M|X)

)
−

−(r + 2)c1(π∗2M|X)c2(A2|X)− (r + 2)c1(π∗2M|X)c1(A2|X)c1(U⊗2)+

+(r + 2)2c2
1(π∗2M|X)c1(A2|X) + (r + 2)2c2

1(π∗2M|X)c1(U⊗2)− (r + 2)3c3
1(π∗2M|X).

Here, ci(π∗2M∨|X) = π∗2(ci) ∈ H2i(X,C) and r = rk(M) − 1 = 6. The coefficient
of c1(Ker(ζ)∨) in the product σ∗(C1) · c3

(
F − Sym2(E)

)
is evaluated via (4). First we

consider the part of this product which does not contain c1(Ker(ζ)∨) and we obtain

36π∗2(c2)θ − 148π∗2(c2
1)θ + 1554ηπ∗2(c2

1)− 85π∗2(c1c2)− 32

3
θ3 + 304ηθ2 − 1280ηθπ∗2(c1)

+130π∗2(c3
1)− 378ηπ∗2(c2) + 64θ2π∗2(c1) + 11π∗2(c3) ∈ H6

(
C ×W 6

26(C),Z
)
.

This polynomial of degree 3 gets multiplied by the degree 6 polynomial in θ, η and
π∗2(ci) that gives the class [X] obtained in Proposition 1.8. We add to ot the contribution
coming from c1(Ker(ζ)∨). One obtains a homogeneous polynomial of degree 9 in η, θ
and π∗2(ci) for i = 1, . . . , 7. The only non-zero monomials are those containing η. After
retaining only these monomials and dividing by η, the resulting degree 8 polynomial in
θ, ci ∈ H∗(W 6

26(C),Z) can be brought to a manageable form, by using Proposition 1.7.
After lengthy but straightforward manipulations, one finds that

σ∗(C1) · c3

(
Sym2(E)−F

)
= ηπ∗2

(
−780c3

1c4θ + 12220c3
1c5 + 888c2

1c4θ
2 − 13468c2

1c5θ

−5402c2
1c6 − 384θ3c1c4 + 5632θ2c1c5 + 510θc1c2c4 + 4480c1c6θ − 7990c1c2c5

+2336c1c7 − 216c2c4θ
2 + 3276c2c5θ − 66c3c4θ + 1034c3c5 + 1314c2c6 + 640c4θ

4

−2720

3
c5θ

5 − 1072c6θ
2 − 1120c7θ

)
.

We suppress η and the remaining polynomial lives inside H16(W 6
26(C),Z). We

have indicated how to calculate explicitly using (3) all top Chern numbers on W 6
26(C)

and we find that

b1 =
1

42
σ∗(C1) · c3

(
F − Sym2(E)

)
= 13502337992.

�

Theorem 2.2. Let [C, q] be a general 1-pointed curve of genus 22 and we denote by C0 ⊆ ∆p
0 ⊆

Mpart
23 the associated test curve. Then

σ∗(C0) · c3

(
F − Sym2(E)

)
= 44b0 − b1 = 93988702808.

It follows that b0 = 4
9

(
19
8

)
72725.

Proof. As already noted in Proposition 1.5, the vector bundles E|σ∗(C0) and F|σ∗(C0) are
both pull-backs of vector bundles on Y and we denote these vector bundles E and F as
well, that is, E|σ∗(C0) = f∗(E|Y ) and F|σ∗(C0) = f∗(F|Y ). Following broadly the lines of
the proof of Theorem 2.1, we evaluate the terms appearing in σ∗(C0) · c3(F − Sym2(E)).

Let V be the line bundle on Y with fibre

V (y, L) =
H0(C,L)

H0(C,L(−y − q))
↪→ H0(C,L⊗Oy+q)
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over a point (y, L) ∈ Y . There is an exact sequence of vector bundles over Y

0 −→ V −→ B −→ Ker(χ)∨ −→ 0,

where χ : B∨ → π∗2(M)∨ is the bundle morphism defined in the second part of Proposi-
tion 1.8. In particular, c1(V ) = 25η + γ − c1

(
Ker(χ∨)

)
, for the Chern class of B has been

computed in the proof of Proposition 1.8. By using again [HT], we find the following
formulas for the Chern numbers of Ker(χ)∨:

c1(Ker(χ)∨)·ξ|Y = −c7

(
π∗2(M)∨−B∨

)
·ξ|Y = −(π∗2(c7)+π∗2(c6)(13η+γ)−2π∗2(c4)ηθ)·ξ|Y ,

for any class ξ ∈ H2(C ×W 6
26(C),Z). We have previously defined the vector bundle B2

over C×W 6
26(C) with fibre B2(y, L) = H0(C,L⊗2(−y−q)). One has the following exact

sequence of bundles over Y

(5) 0 −→ B2|Y −→ F|Y −→ V ⊗2 −→ 0.

If B3 is the vector bundle on Y with fibres B3(y, L) = H0(C,L⊗2), we have an injective
morphism of sheaves V ⊗2 ↪→ B3/B2 locally given by

v⊗2 7→ v2 mod H0(C,L⊗2(−y − q)),

where v ∈ H0(C,L) is any section not vanishing at q and y. Then F|Y is canonically
identified with the kernel of the projection morphism

B3 →
B3/B2

V ⊗2

and the exact sequence (5) now becomes clear. Therefore c1(F|Y ) = c1(B2|Y ) + 2c1(V ),
c2(F|Y ) = c2(B2|Y )+2c1(B2|Y )c1(V ) and c3(F|Y ) = c3(B2|Y )+2c2(B2|Y )c1(V ). The part of
the total intersection number σ∗(C0) · c3(F −Sym2(E)) that does not contain c1(Ker(χ∨))
equals

36π∗2(c2)θ − 148π∗2(c2
1)θ − 37ηπ∗2(c2

1)− 85π∗2(c1c2)− 32

3
θ3+

−8ηθ2 +32ηθπ∗2(c1)+130π∗2(c3
1)+9ηπ∗2(c2)+64θ2π∗2(c1)+11π∗2(c3) ∈ H6(C×W 6

26(C),Z).

We multiply this expression with the class [Y ] computed in Proposition 1.8. The
coefficient of c1(Ker(ζ)∨) in σ∗(C0) · c3

(
F − Sym2E

)
equals

−2c2(B2|Y )− 2(r+ 2)2π∗2(c2
1)− 2(r+ 2)c1(B2|Y )π∗2(c1) + r(r+ 3)π∗2(c2

1) + 2(r+ 3)π∗2(c2),

where recall that r = rk(M)− 1 = 6. All in all, 44b0 − b1 = σ∗(C0) · c3(F − Sym2E) and
we evaluate this as explained using (3). �

The following result follows from the definition of the vector bundles E and F
given in Proposition 1.4. It will provide the third relation between the coefficients of
[D]virt, and thus complete the calculation of its slope.

Theorem 2.3. Let [C, q] be a general 1-pointed curve of genus 22 and R ⊆ M23 be the pencil
obtained by attaching at the fixed point q ∈ C a pencil of plane cubics at one of the base points
of the pencils. Then one has the relation

a− 12b0 + b1 = σ∗c3

(
F − Sym2(E)

)
·R = 0.
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Proof of Corollary 0.2 and of Theorem 0.1. We assume that the Strong Maximal Conjecture
holds onM23, that is, D is a genuine divisor onMpart

23 and let D denote its closure in
M23. To determine its slope, we express its class in terms of the standard generators of
CH1(M23) and write

[D] = aλ−
11∑
j=0

bjδj ∈ CH1(M23),

where the coefficients a, b0 and b1 have already been determined. Since

a

b0
= 6.473... ≤ 83

11
,

we are in a position to apply Corollary 1.2 from [FP], which gives the inequalities bj ≥ b0
for 1 ≤ j ≤ 11. (Interestingly,M23 is the last moduli space where the argument from
[FP], based on pencils of curves on K3 surface and which reduces the calculation of
the slope of an effective divisor onMg to a bound on its λ and δ0-coefficients, can be
applied). Therefore s(D) = a

b0
< 6 + 12

13 . Thus assuming the Strong Maximal Conjecture
on M23, we can express the canonical class KM23

= 13λ − 2δ0 − 3δ1 − 2
∑11

j=1 δj as a
positive combination of [D], of the big class λ and further boundary classes δ2, . . . , δ11.
One concludes thatM23 is a variety of general type. �

3. THE BIRATIONAL GEOMETRY OF HURWITZ SPACES.

We denote by Ho
g,k the Hurwitz space classifying degree k covers f : C → P1

with source being a smooth curve C of genus g and having simple ramifications. Note
that we choose an ordering (p1, . . . , p2g+2k−2) of the set of the branch points of f . An
excellent reference for the algebro-geometric study of Hurwitz spaces is [Ful]. Let Ho

g,k

be the (projective) moduli space of admissible covers (with an ordering of the set of
branch points). The geometry ofHo

g,k has been described in detail by Harris and Mum-
ford [HM] and further clarified in [ACV]. Summarizing their results, the stack Ho

g,k of
admissible covers (whose coarse moduli space is precisely Ho

g,k) is isomorphic to the
stack of twisted stable maps into the classifying stack BSk of the symmetric group Sk,
that is, there is a canonical identification

H
o
g,k := M0,2g+2k−2

(
BSk

)
.

A points of Ho
g,k can be thought of as admissible covers [f : C → R, p1, . . . , p2g+2k−2],

where the source C is a nodal curve of arithmetic genus g, the target R is a tree of
smooth rational curves, f is a finite map of degree k satisfying f−1(Rsing) = Csing, and
p1, . . . , p2g+2k−2 ∈ Rreg denote the branch points of f . Furthermore, the ramification
indices on the two branches of C at each ramification point of f at a node of C must
coincide. One has a finite branch morphism

b : Ho
g,k →M0,2g+2k−2,

associating to a cover its (ordered) branch locus. The symmetric group S2g+2k−2 oper-
ates onHo

g,k by permuting the branch points of each admissible cover. Denoting by

Hg,k := Ho
g,k/S2g+2k−2
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the quotient parametrizing admissible covers without an ordering of the branch points,
we introduce the projection q : Ho

g,k → Hg,k. Finally, let

σ : Hg,k →Mg

be the map assigning to an admissible degree k cover the stable model of its source
curve, obtained by contracting unnecessary rational components.

We discuss the structure of the boundary divisors on the compactified Hurwitz
space. For i = 0, . . . , g + k− 1, let Bi be the boundary divisor ofM0,2g+2k−2, defined as
the closure of the locus of unions of two smooth rational curves meeting at one point,
such that precisely i of the marked points lie on one component and 2g + 2k − 2 − i
on the remaining one. To specify a boundary divisor of Ho

g,k, one needs the following
combinatorial information:

(i) A partition I t J = {1, . . . , 2g + 2k − 2}, such that |I| ≥ 2 and |J | ≥ 2.
(ii) Transpositions {wi}i∈I and {wj}j∈J in Sk, satisfying∏

i∈I
wi = u,

∏
j∈J

wj = u−1,

for some permutation u ∈ Sk.
To this data, we associate the locus of admissible covers of degree k with labeled

branch points [
f : C → R, p1, . . . , p2g+2k−2

]
∈ Ho

g,k,

where [R = R1 ∪p R2, p1, . . . , p2g+2k−2] ∈ B|I| ⊆ M0,2g+2k−2 is a pointed union of two
smooth rational curves R1 and R2 meeting at the point p. The marked points indexed
by I lie on R1, those indexed by J lie on R2. Let µ := (µ1, . . . , µ`) ` k be the partition
corresponding to the conjugacy class of u ∈ Sk. We denote byEi:µ the boundary divisor
onHo

k classifying twisted stable maps with underlying admissible cover as above, with
f−1(p) having partition type µ, and exactly i of the points p1, . . . , p2g+2k−2 lying on R1.
Passing to the unordered Hurwitz space, we denote by Di:µ the image Ei:µ under the
map q, with its reduced structure.

The effect of the map b on boundary divisors is summarized in the following
relation that holds for i = 2, . . . , g + k − 1, see [HM] p. 62, or [GK1] Lemma 3.1:

(6) b∗(Bi) =
∑
µ`k

lcm(µ)Ei:µ.

The Hodge class on the Hurwitz space is by definition pulled back fromMg. Its
class λ := (σ ◦ q)∗(λ) on Ho

g,k has been determined in [KKZ], or see [GK1] Theorem
1.1 for an algebraic proof. Remarkably, unlike on Mg, the Hodge class is always a
boundary class:

(7) λ =

g+k−1∑
i=2

∑
µ`k

lcm(µ)
( i(2g + 2k − 2− i)

8(2g + 2k − 3)
− 1

12

(
k −

`(µ)∑
j=1

1

µj

))
[Ei:µ] ∈ CH1(Ho

k).

The sum (7) runs over partitions µ of k corresponding to conjugacy classes of
permutations that can be written as products of i transpositions. In the formula (7), `(µ)
denotes the length of the partition µ. . The only negative coefficient in the expression of
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KM0,2g+2k−2
is that of the boundary divisorB2. For this reason, the compoents of b∗(B2)

play a special role, which we now discuss. We pick an admissible cover

[f : C = C1 ∪ C2 → R = R1 ∪p R2, p1, . . . , p2g+2k−2] ∈ b∗(B2),

and set C1 := f−1(R1) and C2 := f−1(R2) respectively. Note that C1 and C2 may well
be disconnected. Without loss of generality, we assume I = {1, . . . , 2g + 2k − 4}, thus
p1, . . . , p2g+2k−4 ∈ R1 and p2g+2k−3, p2g+2k−2 ∈ R2.

Let E2:(1k) be the closure in Ho
g,k of the locus of admissible covers such that the

transpositionsw2g+2k−3 andw2g+2k−2 describing the local monodromy around the branch
points p2g+2k−3 and p2g+2k−2 respectively, are equal. Let E0 further denote the compo-
nent of E2:(1k) consisting of those admissible cover for which the subcurve C1 is con-
nected. This is the case precisely when 〈w1, . . . , w2g+2k−4〉 = Sk. To show that E0 is
irreducible, one uses the classical topological argument due to Clebsch invoked when
establishing the irreducibility of Hg,k. Note that E2:(1k) has other irreducible compo-
nents, for instance when C1 splits as the disjoint union of a smooth rational curve map-
ping isomorphically onto R1 and a second component mapping with degree k− 1 onto
R1.

When the permutations w6k−5 and w6k−4 are distinct but share one element in
their orbit, then µ = (3, 1k−3) ` k and the corresponding boundary divisor is de-
noted by E2:(3,1k−3). Let E3 be the subdivisor of E2:(3,1k−3) corresponding to admissible
covers with 〈w1, . . . , w2g+2k−4〉 = Sk, that is, C1 is a connected curve. Finally, in the
case when w6k−5 and w6k−4 are disjoint transpositions, we obtain the boundary divisor
E2:(2,2,1k−4). Similarly to the previous case, we denote by E2 the irreducible component
of E2:(2,2,1k−4) consisting of covers for which 〈w1, . . . , w2g+2k−4〉 = Sk.

The boundary divisors E0, E2 and E3, when pulled-back under the map q, verify
the following formulas

q∗(D0) = 2E0, q
∗(D2) = E2 and q∗(D3) = 2E3,

which we now explain. The general point of both E0 and E3 has no automorphism
that fixes all branch points, but admits an automorphism of order two that fixes C1 and
permutes the branch points p2g+2k−3 and p2g+2k−2. The general admissible cover in E2

has an automorphism group Z2 × Z2 (each of the two components of C2 mapping 2 : 1

onto R2 has an automorphism of order 2). In the stack Ho
g,k we have two points lying

over this admissible cover and each of them has an automorphism group of order 2. In
particular the map H

o
g,k → H

o
g,k from the stack to the coarse moduli space is ramified

with ramification index 1 along the divisor E2.

One applies now the Riemann-Hurwitz formula to the map b : Ho
g,k →M0,2g+2k−2.

Recall also that the canonical bundle of the moduli space of pointed rational curves is
given by the formula KM0,2g+2k−2

=
∑g+k−1

i=2

( i(2g+2k−2−i)
2g+2k−3 − 2

)
[Bi]. All in all, we obtain

the following formula for the canonical class of the Hurwitz stack:

(8) KH
o
g,k

= b∗KM0,2g+2k−2
+ Ram(b),

where Ram(b) =
∑

i,µ`k(lcm(µ)− 1)[Ei:µ].
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3.1. A partial compactification of Hg,k. Like in the paper [FR], we work on a partial
compactification of Hg,k, for the Koszul-theoretic calculations are difficult to extend
over all the boundary divisors Di:µ. The partial compactification of the Hurwitz space
we consider is defined in the same spirit as in the part of the paper devoted to M23.
We fix an integer k ≤ 2g+4

3 . It follows then that the locus of curves [C] ∈ Mg such that
W 2
k (C) 6= ∅ has codimension at least 2 inMg, hence it will play no role in any divisor

class calculation. We denote by G̃1
g,k the space of pairs [C,A], where C is an irreducible

nodal curve of genus g satisfyingW 2
k (C) = ∅ andA is a base point free locally free sheaf

of degree k on C with h0(C,A) = 2. The rational map Hg,k 99K G̃1
g,k is of course regular

outside a subvariety ofHg,k of codimension at least 2, but can be made explicit over the
boundary divisors D0, D2 and D3, as we now explain.

Retaining the previous notation, to the general point [f : C1 ∪ C2 → R1 ∪p R2]

of D3 (respectively D2) we assign the pair [C1, A1 := f∗OR1(1)] ∈ G̃1
k . Note that C1 is

a smooth curve of genus g and A1 is a pencil on C1 having a triple point (respectively
two ramification points in the fibre over p). The spaces Hg,k ∪ D0 ∪ D2 ∪ D3 and G̃1

g,k

differ outside a set of codimension at least 2 and for divisor class calculations they will
be identified. Using this, we copy the formula (7) at the level of the parameter space
G̃1
g,k and obtain:

(9) λ =
g + k − 2

4(2g + 2k − 3)
[D0]− 1

4(2g + 2k − 3)
[D2] +

g + k − 6

12(2g + 2k − 3)
[D3] ∈ CH1(G̃1

g,k).

We now observe that the canonical class of G̃1
k has a simple expression in terms

of the Hodge class λ and the boundary divisors D0 and D3. Quite remarkably, this
formula is independent of both g and k!

Theorem 3.1. The canonical class of the partial compactification G̃1
g,k is given by

KG̃1
g,k

= 8λ+
1

6
[D3]− 3

2
[D0].

Proof. We combine the equation (8) with the Riemann-Hurwitz formula applied to the
quotient q : Ho

g,k 99K G̃1
g,k and write:

q∗(KG̃1
g,k

) = KH
o
g,k
− [E0]− [E2]− [E3] =

− 4

2g + 2k − 3
[D2]− 2g + 2k − 1

2g + 2k − 3
[D0] +

2g + 2k − 9

2g + 2k − 3
[D3].

To explain this formula, observe that the divisors E0 and E3 lie in the ramification locus
of q, hence they have to subtracted from KH

0
g,k

. The morphism H
o
g,k → H

o
g,k from the

stack to the coarse moduli space is furthermore simply ramified alongE2, so this divisor
has to be subtracted as well. We now use (9) to express [D2] in terms of λ, [D0] and [D3]
and obtain that q∗(KG̃1

g,k
) = 8λ+ 1

3 [E3]− 3[E0], which yields the claimed formula. �

Let f : C → G̃1
g,k be the universal curve and we choose a degree k Poincaré line

bundleL on C (or on an étale cover if necessary). Along the lines of [FR] Section 2 (where
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only the case g = 2k − 1 has been treated, though the general situation is analogous),
we introduce two tautological codimension 1 classes:

a := f∗
(
c2

1(L)
)

and b := f∗
(
c1(L) · c1(ωf )

)
∈ CH1(G̃1

g,k).

The push-forward sheaf V := f∗L is locally free of rank 2 on G̃1
g,k. Its fibre at a point

[C,A] is canonically identified with H0(C,A). Although L is not unique, an easy exer-
cise involving first Chern classes, convinces us that the class

(10) γ := b− g − 1

k
a ∈ CH1(G̃1

g,k)

does not depend of the choice of a Poincaré bundle.

Proposition 3.2. We have that a = kc1(V) ∈ CH1(G̃1
g,k).

Proof. Simple application of the Porteous formula in the spirit of Proposition 11.2 in
[FR]. �

The following locally free sheaves on G̃1
g,k will play an important role in several

Koszul-theoretic calculations:

E := f∗(ωf ⊗ L−1) and F` := f∗(ω`f ⊗ L−`),

where ` ≥ 2.

Proposition 3.3. The following formulas hold

c1(E) = λ− 1

2
b +

k − 2

2k
a and c1(F`) = λ+

`2

2
a− `(2`− 1)

2
b +

(
`

2

)(
12λ− [D0]

)
.

Proof. Use Grothendieck-Riemann-Roch applied to the universal curve f , coupled with
Proposition 3.2 in order to evaluate the terms. Use that R1f∗(ω`f ⊗ L−`) = 0 for ` ≥ 2.
Similar to Proposition 11.3 in [FR], so we skip the details. �

We summarize the relation between the class γ and the classes [D0], [D2] and [D3]
as follows. Again, we find it remarkable that this formula is independent of g and k.

Proposition 3.4. One has the formula [D3] = 6γ + 24λ− 3[D0].

Proof. We form the fibre product of the universal curve f : C → G̃1
g,k together with its

projections:

C π1←−−−− C ×G̃1
g,k
C π2−−−−→ C.

For ` ≥ 1, we consider the jet bundle J `f (L), which sits in an exact sequence:

(11) 0 −→ ω⊗`f ⊗ L −→ J `f (L) −→ J `−1
f (L) −→ 0.

One has a sheaf morphism ν2 : f∗(V) → J2
f (L), which we think of as the second Taylor

map associating to a section its first two derivatives. For points [C,A, p] ∈ C such that
p ∈ C is a smooth point, this map is simply the evaluation H0(C,A) → H0(A ⊗ O3p).
Let Z ⊆ C be the locus where ν2 is not injective. Over the locus of smooth curves, D3

is the set-theoretic image of Z. A local analysis that we shall explain, shows that ν2 is
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degenerate with multiplicity 1 at a point [C,A, p], where p ∈ Csing. Thus, D0 is to be
found with multiplicity 1 in the degeneracy locus of ν2. The Porteous formula leads to:

[D3] = f∗c2

(J2
f (L)

f∗(V)

)
− [D0] ∈ CH1(G̃1

g,k).

As anticipated, we now show that D0 appears with multiplicity 1 in the degener-
acy locus of ν2. To that end, we choose a family F : X → B of genus g curves of genus
over a smooth 1-dimensional base B, such that X is smooth, and there is a point b0 ∈ B
with Xb := F−1(b) is smooth for b ∈ B \ {b0}, whereas Xb0 has a unique node u ∈ X .
Assume furthermore that A ∈ Pic(X) is a line bundle such that Ab := L|Xb ∈ W

1
k (Xb),

for each b ∈ B. We further choose a local parameter t ∈ OB,b0 and x, y ∈ OX,u, such that
xy = t represents the local equation of X around the point u. Then ωF is locally gen-
erated by the meromorphic differential τ that is given by dx

x outside the divisor x = 0

and by −dy
y outside the divisor y = 0. Let us pick sections s1, s2 ∈ H0(X,A), where

s1(u) 6= 0, whereas s2 vanishes with order 1 at the node u ofXb0 , along both its branches.
Passing to germs of functions at u, we have the relation s2,u = (x + y)s1,u. Then by di-
rect calculation in local coordinates, the map H0

(
Xb0 , Ab0

)
→ H0

(
Xb0 , Ab0|3u

)
is given

by the 2× 2 minors of the following matrix:(
1 0 0

x+ y x− y x+ y

)
.

We conclude that D0 appears with multiplicity 1 in the degeneracy locus of ν2.

From the exact sequence (11) one computes c1(J2
f (L)) = 3c1(L) + 3c1(ωf ) and

c2(J2
f (L)) = c2(J1

f (L)) + c1(J1
f (L)) · c1(ω⊗2

f ⊗ L) = 3c2
1(L) + 6c1(L) · c1(ωf ) + 2c2

1(ωf ).
Substituting, we find after routine calculations that

f∗c2

(
J2
f (L)

f∗(V)

)
= 6γ + 2κ1,

where κ1 = f∗(c1(ωf )⊗2). Using Mumford’s formula κ1 = 12λ− [D0] ∈ CH1(G̃1
g,k), see

e.g. [HM] top of page 50, we finish the proof. �

4. EFFECTIVE DIVISORS ON HURWITZ SPACES

We now describe the construction of four effective divisors on particular Hurwitz
spaces interesting in moduli theory. The divisors in question are of syzygetic nature
and resemble somehow the (virtual) divisor D onM23, discussed in the first part of the
paper. Note that these divisors on Hurwitz spaces, unlike the divisor D, are defined
directly in terms of a general element [C,A] ∈ Hg,k, without making reference to other
attributes of the curve C. This simplifies both the task of computing their classes and
showing that the respective codimension 1 conditions in moduli lead to genuine divisor
on Hg,k. Using the irreducibility of Hg,k, this amounts to exhibiting one example of a
point [C,A] outside the divisor, which can be easily achieved with the use of Macaulay.
We mention also the papers [GK2], [DP]. where one studies syzygetic loci in Hurwitz
spaces using the splitting type of the scroll one canonically associates to a coverC → P1.



22 G. FARKAS

4.1. The Hurwitz space H14,9. We consider the morphism σ : H14,9 → M14, whose
general fibre is 2-dimensional. We choose a general element [C,A] ∈ H14,9 and set
L := KC⊗A∨ ∈W 5

17(C) to be the residual linear system. Furthermore, L is very ample,
else there exist points x, y ∈ C such that A(x + y) ∈ W 2

13(C), which contradicts the
Brill-Noether Theorem. Note that

h0(C,L⊗2) = dim Sym2H0(C,L) = 21

and we set up the (a priori virtual) divisor

D̃14 :=
{

[C,A] ∈ G̃1
14,9 : φL : Sym2H0(C,L)→ H0(C,L⊗2) is not an isomorphism

}
.

Our next results shows that, remarkably, this locus is indeed a divisor and it gives
rise to an effective representative of the canonical divisor of G̃1

14,9.

Proposition 4.1. The locus D14 is a divisor onH14,9 and one has the following formula

[D̃14] = 4λ+
1

12
[D3]− 3

4
[D0] =

1

2
KG̃1

14,9
∈ CH1(G̃1

14,9).

Proof. The divisor D̃14 is the degeneracy locus of the vector bundle morphism

φ : Sym2(E)→ F2.

The Chern class of both E and F2 are computed in Proposition 3.3 and we have the
formulas c1(E) = λ− 1

2b + 7
18a and c1(F2) = 13λ+ 2a− 3b− [D0]. Taking into account

that rk(E) = 6, we can write:

[D̃14] = c1

(
F2 − Sym2(E)

)
= c1(F2)− 7c1(E) = 6λ− [D0] +

1

2
γ.

We now substitute γ in the formula given by Proposition 3.4 involving also the divisor
D3 on G̃1

14,9 of pairs [C,A], such that A ∈ W 1
9 (C) has a triple point. We obtain that

[D̃14] = 4λ+ 1
12 [D3]− 3

4 [D0]. Comparing with Theorem 3.1, the fact that [D̃14] is a (half-)
canonical representative follows.

It remains to show that D̃14 is indeed a divisor. Since H14,9 is irreducible, it suf-
fices to construct one example of a smooth curve C ⊆ P5 of genus 14 and degree 17
which does not lie on any quadrics. To that end, we consider the White surface X ⊆ P5,
obtained by blowing-up P2 at 15 points p1, . . . , p15 in general position and embedded
into P5 by the linear system H := |5h − Ep1 − · · · − Ep15 |, where Epi is the exceptional
divisor at the point pi ∈ P2 and h ∈ |OP2(1)|. The White surface is known to projectively
Cohen-Macaulay, its ideal being generated by the 3× 3-minors of a certain 3× 5-matrix
of linear forms, see [Gi] Proposition 1.1. In particular, the map

Sym2H0(X,OX(1))→ H0(X,OX(2))

is an isomorphism and X ⊆ P5 lies on no quadrics. We now let C ⊆ X be a general
element of the linear system∣∣∣12h− 3(Ep1 + · · ·+ Ep13)− 2(Ep14 + Ep15)

∣∣∣.
Note that dim |OX(C)| = 6 and a general element is a smooth curve C ⊆ P5 of degree
17 and genus 14. This finishes the proof, for C lies on no quadrics. �
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4.2. The Hurwitz space H19,13. The case g = 19 is analogous to the situation in genus
14. We have a morphism σ : H19,13 → M19 with generically 5-dimensional fibres.
The Kodaira dimension of both M19 and of the Hurwitz spaces H19,11 and H19,12 is
unknown. For a general element [C,A] ∈ H19,13, we set L := KC ⊗ A∨ ∈ W 6

23(C).
Observe that W 7

23(C) = ∅, that is, L must be a complete linear series. The multiplication

φL : Sym2H0(C,L)→ H0(C,L⊗2)

is a map between between two vector spaces of the same dimension 28. It is easy to
produce an example of a pair [C,L], such that φL is an isomorphism. We introduce the
divisor

D̃19 :=
{

[C,A] ∈ G̃1
19,13 : φL : Sym2H0(C,L)→ H0(C,L⊗2) is not an isomorphism

}
.

Proposition 4.2. One has the following formula

[D̃19] = λ+
1

6
[D3]− 1

2
[D0] ∈ CH1(G̃1

19,13).

Proof. Very similar to the proof of Proposition 4.1. �

We can now prove the case g = 19 from Theorem 0.4. Indeed, combining Propo-
sition 4.2 and Theorem 3.1, we find

KG̃1
19,13

= [D̃19] + σ∗(7λ− δ0).

Since the class 7λ− δ0 is big anM19, it follows that KG̃1
19,13

is big.

4.3. The Hurwitz space H17,11. The minimal Hurwitz cover of M17 is H17,10, but its
Kodaira dimension is unknown. We consider the next case σ : H17,11 → M17. As
described in the Introduction, a general curve C ⊆ P6 of genus 17 and degree 21 (whose
residual linear system is a pencil A = KC(−1) ∈ W 1

11(C)) lies on a pencil of quadrics.
The general element of this pencil has full rank 7 and we consider the intersection of
the pencil with the discriminant. We define D17 to be the locus of pairs [C,A] ∈ H17,11

such that this intersection is not reduced.

Theorem 4.3. The locus D17 is a divisor and the class of its closure D̃17 in G̃1
17,11 is given by

[D̃17] =
1

6

(
19λ− 9

2
[D0] +

5

6
[D3]

)
∈ CH1(G̃1

17,11).

Proof. We are in a position to apply [FR] Theorem 1.2, which deals precisely with de-
generacy loci of this type. We obtain

[D̃19] = 6
(
7c1(F )− 52c1(E)

)
= 6
(
39λ− 7[D0] + 5γ

)
.

Using once more Proposition 3.4, we obtained the claimed formula. �

Substituting the expression of [D̃17] in the formula of the canonical class of the
Hurwitz space, we find

KG̃1
17,11

=
1

5
[D̃17] +

3

5
σ∗(7λ− δ0).

Just like in the previous case, since the class 7λ − δ0 is big on M17 and λ is ample of
H17,11, Theorem 0.4 follows for g = 17 as well.
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4.4. The Hurwitz spaceH16,9. This is the most interesting case, for we consider a mini-
mal Hurwitz cover σ : H16,9 →M16 of the uniruled moduli space of curves of genus 16.
We fix a general point [C,A] ∈ H16,9 and, set L := KC ⊗ A∨ ∈ W 6

21(C). It is proven in
[F3] Theorem 2.7 that the locus D16 classifying pairs [C,A] such that the multiplication
map

µ : I2(L)⊗H0(C,L)→ I3(L)

is not an isomorphism, is a divisor onH16,9.

First we determine the class of the Gieseker-Petri divisor, already mentioned in
the introduction.

Proposition 4.4. One has [G̃P] = −λ+ γ ∈ CH1(G̃1
16,9).

Proof. Recall that we have introduced the sheaves E and F on G̃1
16,19 with fibres canoni-

cally isomorphic to H0(C,A) and H0(C,ωC ⊗ A∨) over a point [C,A] ∈ G̃1
16,9. We have

a natural morphism E ⊗ F → f∗(ωf ) and G̃P is the degeneracy locus of this map. Ac-
cordingly,

[G̃P] = λ− 2c1(F)− 8c1(E) = −λ+
(
b− 5

3
a
)

= −λ+ γ.

�

We can now compute the class of the divisor D̃16.

Theorem 4.5. The locus D̃16 is an effective divisor on G̃1
16,9 and its class is given by

[D̃16] =
65

2
λ− 5[D0] +

3

2
[G̃P] ∈ CH1(G̃1

16,9).

Proof. Recall the definition of the vector bundles F2 and F3 on G̃1
16,9, as well as the ex-

pression of their first Chern classes provided by Proposition 3.3. We define two further
vector bundles I2 and I3 on G̃1

16,9, via the following exact sequences:

0 −→ I` −→ Sym`(E) −→ F` −→ 0,

for ` = 2, 3. Note that rk(I2) = 9, whereas rk(I3) = 72. To make sure that these
sequences are exact on the left outside a set of codimension at least 2 inside G̃1

16,9, we
invoke [F2], Propositions 3.9 and 3.10. The divisor D16 is then the degeneracy locus of
the morphism

µ : I2 ⊗ E → I3

which globalizes the maps µC,L : IC,L(2) ⊗ H0(C,L) → IC,L(3), where L = ωC ⊗ A∨

and [C,A] ∈ G̃1
16,9.

Noting that c1

(
Sym3(E)

)
= 45c1(E) and c1

(
Sym2(E)

)
= 9c1(E), we compute

[D̃16] = c1(I3)− 8c1(I2)− 9c1(F) = 31λ− 5[D0] +
3

2
γ.

Substituting γ = λ+ [G̃P], we obtain the claimed formula.
It remains to observe that it has already been proved in [F2] Theorem 2.7 that for a

general pair [C,L], where L ∈ W 6
21(C), the multiplication map µC,L is an isomorphism.

�
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The formula (1) mentioned in the introduction follows now by using Theorem 4.5
and the Riemann-Hurwitz formula for the map σ : G̃1

16,9 →M16. One writes

KG̃1
16,9

= 13λ− 2[D0] +
3

5
[G̃P] +

2

5
[G̃P] =

2

5
[D̃16] +

3

5
[G̃P].
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