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MOTIVATION

• The Killing spinor equations are the
extension of self-duality and BPS con-
ditions to gravity, and their solutions
are the gravitational solitons and in-
stantons.

• The solutions exhibit special geom-
etry, like hyper-Kähler, Calabi-Yau
and their extensions. There is close
relation to spinorial geometry.

• String Theory, e.g. black holes, branes

• AdS/CFT, gravity/Yang-Mills corre-
spondences
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SPINORS AND INSTANTONS

The self-duality condition

∗F = ±F

is equivalent to the spinorial equation

Fε =
1

2
FµνΓµνε = 0

where ε is in a spin representation of
Spin(4).

Spin(4) spinors

Take R4 = R < e1, . . . , e4 >, and
U = R < e1, e2 >, where e1, . . . , e4
orthonormal basis.

The space of Dirac spinors is ∆c =
Λ∗(U ⊗ C) and the Gamma matrices



act as

Γiη = ei ∧ η + eiyη ,
Γi+2η = iei ∧ η − ieiyη , i = 1, 2

Properties

• ΓµΓν+ΓνΓµ = 2δµν, µ, ν = 1, . . . , 4

•Weyl spinors: ∆+
c = Λev(U⊗C) and

∆−c = Λodd(U ⊗ C). Therefore if
η ∈ ∆+

c ,

η = a1 + be12 , a, b ∈ C
and if η ∈ ∆−c ,

η = ae1 + be2 .

• Introduce the Hermitian Gamma ma-
trices (Γᾱ = δᾱβΓβ)

Γβ =
1√
2
(Γβ − iΓ2+β) , 1 ≤ β ≤ 2



• Observe that Γα1 = eαy1 = 0 and

1 , Γᾱ1 , Γᾱβ̄1

is a Hermitian basis in the space of
spinors.

Self-duality

• The spinorial equation Fε = ε is in-
variant under Spin(4).

• Spin(4) = SU(2) × SU(2) has one
type of orbit in ∆+

c . This allows to
choose ε = 1.

In such case,

FµνΓµν1 = Fᾱβ̄Γᾱβ̄1 + δαβ̄Fαβ̄1 = 0

Using the Hermitian basis, one finds the
Donaldson equations

Fᾱβ̄ = 0 , δαβ̄Fαβ̄ = 0



SPINORIAL GEOMETRY AND
SUPERSYMMETRY

Gillard, Gran, GP, hep-th/0410155

The Killing spinor equations of super-
gravity theories are a parallel transport
equation of the supercovariant connec-
tion D and some algebraic conditions
A, i.e.

DMε = ∇Mε + ΣM (F )ε = 0
A(F )ε = 0

D and A depend of the bosonic fields
F of the supergravity theory and ε is a
spinor.

To solve these equations use

• A description of spinors in terms of
forms

• The use of the gauge group of the



Killing spinor equations to bring the
Killing spinors into a canonical or
normal form

• A basis in the space of spinors which
is used to expand the Killing spinor
equations

The gauge group of the Killing spinor
equations are the local transformations
which preserve the form of the Killing
spinor transformations.

• The holonomy of the supercovariant
connection may be different but in-
cludes the gauge group of the super-
covariant derivative



Heterotic Supergravity
The spacetime is a d = 10 Lorentzian

manifold.
Fields
g (metric) , H ( real 3-form) ,
F ( gauge curvature ), Φ (real scalar)

where F = dA + A ∧ A.

Killing spinor equations
The gravitino, dilatino and gaugino

KSE are

∇̂Mε = 0

∂MΦΓMε− 1

12
HN1N2N3

ΓN1N2N3ε = 0

FMNΓMNε = 0

where ε is chiral real spinor and

∇̂MXN = ∇MXN +
1

2
HN

MRXR



Gravitino Killing spinor equation

• ∇̂ is a connection of the spinor bun-
dle associated with a metric connec-
tion with torsion H

• The gauge group of the Killing spinor
equations is Spin(9, 1) and hol(∇̂) ⊆
Spin(9, 1)

• If ∇̂ε = 0, then R̂ε = 0 and so either
R̂ = 0 or the parallel spinors have a
non-trivial stability subgroup G ⊂
Spin(9, 1)

• The bundle of parallel spinors K can
be trivialized with Spin(9, 1) gauge
transformations. As a result the par-
allel spinors can be chosen to be con-
stant.



Algebraic Killing Spinor equations

Fε = 0, can be analyzed as the paral-
lel transport, i.e. the solutions ε either
have a non-trivial stability subgroup in
Spin(9, 1) or F = 0

(dΦ− 1
2H)ε = 0, is different but it can

be analyzed using representation the-
ory.



Spin(9, 1) SPINORS

Take U = R < e1, . . . , e5 >, e1, . . . , e5
orthonormal basis. The Spin(9, 1) Dirac
spinors are ∆c = Λ∗(U⊗C) and the chi-
ral (Weyl) spinors are ∆+

c = Λeven(U⊗
C) and ∆−c = Λodd(U ⊗ C).

The gamma matrices are represented
on ∆c as

Γ0η = −e5 ∧ η + e5yη , Γ5η = e5 ∧ η + e5yη
Γiη = ei ∧ η + eiyη , i = 1, . . . , 4

Γ5+iη = iei ∧ η − ieiyη .

The Dirac inner product on the space
of spinors ∆c is defined as

D(η, θ) =< Γ0η, θ > ,

where

< zaea, w
beb >=

5∑

a=1

(za)∗wa ,



on U ⊗ C and then extended to ∆c,
and (za)∗ is the standard complex con-
jugate.

A Majorana inner product is

B(η, θ) =< B(η∗), θ > , B = Γ06789

Observe that the inner product B is in
addition Pin invariant and skew-symmetric
B(η, θ) = −B(θ, η).

The Majorana reality condition can
be chosen as

η = −Γ0B(η∗) = Γ6789η
∗ .

C = Γ6789 is the charge conjugation
matrix.



Example
Consider the complex chiral spinor a1+

be1234, a, b ∈ C. The associated real
spinor of positive chirality is

η = a1 + a∗e1234 .

The two Majorana spinors are 1+ e1234
and i1− ie1234.

• The spinor 1 + e1234 is invariant un-
der the Spin(7) n R8 subgroup of
Spin(9, 1)

• The spinors 1+e1234, and i(1−e1234)
are invariant under the SU(4) n R8

subgroup of Spin(9, 1)



Pseudo Hermitian basis
A creation annihilation basis for Dirac

spinors is

Γᾱ =
1√
2
(Γα + iΓα+5) ,

Γ± =
1√
2
(Γ5 ± Γ0) ,

Γα =
1√
2
(Γα − iΓα+5) .

Observe that

Γᾱ1 = Γα1 = Γ+1 = Γ−1 = 0 , ΓB = gBAΓA

The representation ∆c can be constructed
by acting on 1 with the creation opera-
tors Γᾱ, Γ+. A basis in ∆c is

η =

5∑

k=0

1

k!
φā1...āk Γā1...āk1 , ā = ᾱ, + .



PARALLEL SPINORS
G N = 1 N = 2 N = 3 N = 4 N = 8 N = 16

Spin(7)nR8 √
- - - - -

SU(4)nR8

-
√

- - - -
G2 -

√
- - - -

Sp(2)nR8

- -
√

- - -

(SU(2)× SU(2))nR8

- - -
√

- -
SU(3) - - -

√
- -

R8

- - - -
√

-
SU(2) - - - -

√
-

{1} - - - - -
√

N denotes the number of parallel spinors and G their
stability subgroup in Spin(9, 1).

√
denotes the cases

that the parallel spinors occur. − denotes the cases that
do not occur.

• There are two classes of stability sub-
groups those of the type K nR8, for
K = Spin(7), SU(4), Sp(2), SU(2)×
SU(2) and {1}. The other type are
compact stability subgroups K, K =
G2, SU(3), SU(2) and {1}.

• The null supersymmetric backgrounds



have stability subgroups KnR8 while
the timelike ones have stability sub-
groups K.

• The backgrounds with Killing spinors
with stability subgroup {1} are lo-
cally isometric to Minkowski space-
time with H = 0 and Φ = const

In what follows, the ∇̂-parallel spinors
are also Killing, i.e. they solve both
the gravitino and dilatino Killing spinor
equations.



PARALLEL FORMS
All the form Killing spinor bi-linears

α = B(ε1, ΓA1...Ak
ε2)e

A1 ∧ . . . eAk

are ∇̂-parallel.

Spin(7)n R8 (N=1)
e−, e− ∧ φ
SU(4)n R8 (N=2)
e− , e− ∧ χ , e− ∧ ω

Sp(2)n R8 (N=3)
e− , e−∧ωI , e−∧ωJ , e−∧ωK
(SU(2)× SU(2))n R8 (N=4)

e− , e− ∧ (e1 ∧ e6 + e2 ∧ e7)

e− ∧ (e3 ∧ e8 + e4 ∧ e9)

e− ∧ (e1 + ie6) ∧ (e2 + ie7)

e− ∧ (e3 + ie8) ∧ (e4 + ie9)



R8 (N=8)
e− ∧ ψ , ψ ∈ Λev+(R8)

G2 (N=2)
e− , e+ , e1 , ϕ

SU(3) (N=4)
e− , e+ , e1 , e6 , ω̂ , χ̂

SU(2) (N=8)

e− , e+ , e1 , e6 , e2 , e7 ,

−e3∧e8−e4∧e9 , (e3+ie8)∧(e4+ie9)

{1} (N=16)

eA , A = 0, . . . , 9



where

χ = (e1 + ie6) ∧ (e2 + ie7) ∧ (e3 + ie8) ∧ (e4 + ie9) ,

ω = −e1 ∧ e6 − e2 ∧ e7 − e3 ∧ e8 − e4 ∧ e9 ,

φ = Re χ− 1

2
ω ∧ ω ,

ω̂ = −e2 ∧ e7 − e3 ∧ e8 − e4 ∧ e9 ,

χ̂ = (e2 + ie7) ∧ (e3 + ie8) ∧ (e4 + ie9) ,

ϕ = Reχ̂ + e6 ∧ ω̂ , ωI = ω ,

ωJ = Re[(e1 + ie6) ∧ (e2 + ie7)] + (e3 + ie8) ∧ (e4 + ie9)] ,

ωK = −Im[(e1 + ie6) ∧ (e2 + ie7) + (e3 + ie8) ∧ (e4 + ie9)] .

• The generators of the ∇̂-parallel forms
of the null backgrounds are null, i.e.
e− ∧ ψ

• Null backgrounds admit a single ∇̂-
parallel null one-form e−



• Time-like backgrounds admit one time-
like and two (G2), three (SU(3)) and
five (SU(2)) spacelike parallel one-
forms.

• The commutator [X,Y ] = iXiY H
of any two X,Y , ∇̂-parallel vector
fields is also ∇̂-parallel.

In what follows, assume that the par-
allel vector field spinor bilinears span a
Lie algebra h of a Lie group H.



Null Backgrounds

Theorem: Null backgrounds with Kn
R8-invariant Killing spinors are two-parameter
Lorentzian deformation families of an
8-dim manifold B with a K-structure.
The metric and three-form of the back-
ground can be written as

ds2 = 2e+e− + δije
iej

H = e+ ∧ de− + e− ∧ (Hk + Hk⊥) + Hrest

where two-form Hk takes values in the
Lie algebra of K and Hk⊥ takes values
in the complement, Λ2(R8) = k ⊕ k⊥,
and

e+ = du + V dv + n , e− = dv + m

The only components of H which are
not determined from the metric and the
parallel forms are those of Hk.



If the rotation of the parallel vector
field vanishes, de− = 0, then B has a

compatible metric connection, ˆ̃∇, with

skew-symmetric torsion, H̃ , i.e. hol( ˆ̃∇) ⊆
K, and the K structure is integrable
and conformally balanced.

• The integrability of the K structure
is defined in a suitable way, i.e. if
K = SU(4), then B is complex.

• The K-structure is conformally bal-
anced if a suitably defined Lee form
θ̃ = ?(?dψ ∧ ψ) satisfies θ̃ = 2df
for some function f on B, f = Φ,
where ψ is an invariant form of the
K-structure.



Timelike Backgrounds

Theorem: A timelike background with
K-invariant Killing spinors is a prin-
cipal bundle, P = (H, B, π), with fi-
bre a Lorentzian Lie group H, and it is
equipped with an instanton connection
λ.

The metric and three-form of the back-
ground can be written as

ds2 = ηabλ
aλb + π∗ds̃2

H =
1

3
ηabλ

a ∧ dλb +
2

3
ηabλ

a ∧ Fb + π∗H̃

The base space B admits an integrable,
conformally balanced K-structure, com-

patible with a connection, ˆ̃∇, with skew-
symmetric torsion associated with the
pair (ds̃2, H̃).



• The integrability and conformal bal-
anced properties of the K-structure
are defined as in the null backgrounds

• H̃ is determined in terms of the met-
ric on B and the forms of the K-
structure

• In addition one can show that

dH = ηabFa ∧ Fb + π∗dH̃

i.e. part of dH is specified by the
first Pontrjagin form of λ

In particular one has the following:



G2
Parallel Spinors: 1+e1234, e15 +e2345
h= sl(2,R) or R2,1

H̃ = −r
6(dϕ, ?ϕ)ϕ+?dϕ+?(θϕ∧ϕ)

[Friedrich,Ivanov]

r = 0 if h abelian, and r = 1 if h
non-abelian

θ̃ϕ = 2dΦ , d ? ϕ = −θ̃ϕ ∧ ?ϕ

λ , g2 instanton

hol( ˆ̃∇) ⊆ G2

SU(3)
h =sl(2,R)⊕R or su(2)⊕R or cw(−1,−1)

or R3,1

H̃ = −iIdω = ?dω − ?(θ̃ω ∧ ω)

[Gauduchon, Strominger, Howe, GP, Grantcharov, Poon, Lust

et al]



θ̃ω = 2dΦ , B complex

If h abelian: hol( ˆ̃∇) ⊆ SU(3) and λ
a su(3) instanton

If h non-abelian: hol( ˆ̃∇) ⊆ U(3) and
λ a u(3) instanton

SU(2)
h=sl(2,R)⊕su(2) or cw(−1,−1,−1,−1)

or R5,1

H̃ = −iIdω = ?dω − ?(θω ∧ ω)

θω = 2dΦ , B (hyper-)complex

hol( ˆ̃∇) ⊆ SU(2) and λ a su(2) in-
stanton



Type II common sector

Killing spinor equations

∇̂ε̂ = 0 , ∇̌ε̌ = 0

(dΦ− 1

2
H)ε̂ = 0 , (dΦ +

1

2
H)ε̌ = 0

Comments

• ∇̂ = ∇ + 1
2H , ∇̌ = ∇− 1

2H

• In type IIB, ε̂ and ε̌ are Majorana-
Weyl of the same chirality. In type
IIA ε̂ and ε̌ are Majorana-Weyl of
opposite chirality

• If either ε̂ = 0 or ε̌ = 0, then the
Killing spinor equations can be ana-
lyzed as in the heterotic case.



• The gauge symmetry of the Killing
spinor equations is Spin(9, 1) while
the holonomy of ∇̂⊕∇̌ is Spin(9, 1)×
Spin(9, 1).

• The geometry of the spacetime de-
pends on the stability subgroup of
all Killing spinors G = Ĝ ∩ Ǧ.



Geometry of N=2 backgrounds
IIB, N = 2 Ĝ Ǧ G

SU(4)nR8

- SU(4)nR8

G2 - G2

Spin(7)nR8

Spin(7)nR8

Spin(7)nR8

Spin(7)nR8

Spin(7)nR8

SU(4)nR8

Spin(7)nR8

Spin(7)nR8

G2

IIA, N = 2 Ĝ Ǧ G

SU(4)nR8

- SU(4)nR8

G2 - G2

Spin(7)nR8

Spin(7)nR8

Spin(7)

Spin(7)nR8

Spin(7)nR8

SU(4)

Spin(7)nR8

Spin(7)nR8

G2 nR8

Comment: The stability subgroups of
the spinors in IIA and IIB backgrounds
interchange as K ↔ K n R8 for K =
Spin(7), SU(4) and G2.



Theorem The backgrounds for which
the Killing spinors have stability sub-
group K × R8 admit a null, ∇-parallel
vector field. The spacetime is a two-
parameter deformation family of a eight-
dimensional manifold B with a K-structure.
The fields can be written as

ds2 = 2dv(du + V dv + n) + δije
iej

H = e− ∧ (Hk + Hk⊥) + Hrest

where Hk⊥ and Hrest are determined in
terms of the geometry.

Spin(7)

Hrest = Hk⊥ = 0 and hol(∇̃) ⊆
Spin(7)



SU(4)
B almost hermitian manifold with W̃1

and W̃2 related to the trivialization of
the canonical bundle. The (4,0)-form is
∇̃-parallel.

[Chiossi, Salamon, Cabrera]

G2
B admits a G2 structure. This means

that the is a non-vanishing vector field
Z on B. Hrest is determined in terms
of Z. There are 210 G2-structures in
eight-dimensions.



Theorem The backgrounds for which
the Killing spinors have stability sub-
group K admit two commuting ∇̂- and
∇̌-parallel vector fields, X̂ and Y̌ . The
spacetime is a fibre bundle with fibres
the orbits of the two parallel vector fields
and base space an eight-dimensional man-
ifold B. B has the same geometry as
the deformed manifold in the previous
null case. The fields can be written as

ds2 = 2e−e+ + ds2(B)
H = d(e− ∧ e+) + HB

where e− = f2(dv + m) and e+ =
f2(du + n).

Comment: T-duality along the spa-
tial isometry direction relates the back-
grounds with K- and K n R8-invariant
spinors.



SUMMARY

• The Killing spinor equations of het-
erotic supergravity have been solved.
The are two types of supersymmetric
backgrounds, the null and timelike.
The former admit a parallel null 1-
form while the latter admit a time-
like 1-form and at least two space-
like ones.

• The null backgrounds are Lorentzian
deformation families of eight-dimensional
manifolds with a suitable K-structure;
K = Spin(7), SU(4), SU(2)×SU(2),
{1}. If the rotation of the null par-
allel vector vanishes, the 8-manifold
admits a compatible connection with
skew-symmetric torsion.



• The time-like backgrounds are prin-
cipal bundles with fibre a Lorentzian
Lie group and base space a manifold
with a suitable K-structure compati-
ble with a connection with skew-symmetric
torsion; K = G2, SU(3), SU(2). They
are also equipped with a suitable K-
instanton connection.

• The Killing spinor equations of type
II common sector have been solved
for all backgrounds with two Killing
spinors. The stability subgroups of
the spinors are K and K n R8 for
K = Spin(7), SU(4) and G2.



• The spacetime of KnR8 backgrounds
admits a ∇-parallel null vector field,
i.e. it is a pp-wave or a deformation
family, and the deformed space ad-
mits a K-structure.

• The spacetime of K backgrounds is a
fibre bundle with fibre the orbits of a
∇̂- and a ∇̌-parallel null commuting
vector fields and base space an eight-
dimensional manifold B with a K-
structure.

• The deformed manifold in the KnR8

cases and the base space in the K
case have the same geometry.


