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1. Hypo structures on 5-manifolds

N° - a 5-manifold. (n,wi,wo,ws3) - an SU(2)-
structure on N°.

T his means:
n is a 1-form on N°.

w; are 2-forms on N satisfying

(1) wi Nw; = 6;;v, vAnZFEDO,
for some 4-form v, and

(2) Xiwi =Y_wy = w3(X,Y) >0,

where X denotes the contraction by X.

These data induce an SU(3)-structure (F, WV, WV_)
on N° x R defined by

(3) F=wi+nAdt,
V=W, +iW_ = (wy +iw3z) A (1 + idt),
where t is the coordinate on R.



Conversely, suppose

e f: N° < MP is an oriented hypersurface in
a 6-manifold M®°.

e MP® is equipped with an SU(3)-structure
(F,W,v_).

Let N denote the unit normal vector field. Then

the SU(3)-structure induces an SU(2)-structure
(n,w1,wo,w3) on N> defined by the equalities [Conti-
Salamon]:

n = —N_JF]|
w1 = f*F, wp =NJW_, w3 =-Nw_.

An SU(2)-structure determined by (n,w;) is called
hypo if it satisfies the equations [Conti-Salamon]

(4)

(5) dw; =0, dnAwz)=0, dnAwsz)=0.

Suppose Hol(M®) ¢ SU(3), that is, the SU(3)-
structure (F,W_,W_) is integrable:

dF = dW = dW¥_ = 0.



Remark: (a) Any oriented hypersurface N° C
MO is naturally endowed with a hypo structure.

(b) Conversely, Conti and Salamon prove that
a real analytic hypo structure on N?® can be
lifted to an integrable SU(3)-structure on N° x
R. Namely, (n,w;) belongs to a one-parameter
family of hypo structures (n(t),w;(t)) satisfying
the evolution equations

Ow1 = —dn
(6) O (n Aw2) = —dws
Or(n A wz) = dws.



Recall: A nearly Kahler 6-manifold is a mani-
fold M® with an SU(3)-structure (F, W, W_)
which satisfies the following differential equa-
tions

(7) dF =3w_, dW_ = -2FAF

Lemma 1. If f : N> — MP® is a totally geo-
desic hypersurface of a nearly Kahler mani-
fold M®, then the induced SU(2)-structure
(4) on N> satisfies

d77 — —2&)3,
(8) dwy = 3n A wo,
dwo = —31n A w1.

Theorem 1. Any totally geodesic hyper-
surface N° of a nearly Kihler 6-manifold
M® admits a Sasaki-Einstein hypo structure,
and therefore the Conti-Salamon evolution
equations (6) can be solved on N> x R.
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Indeed, (8) implies that the conical SU(3)-
structure on M = N° x R defined by

(9) F = t°w3 + tn A dt,
W = t2(ws + iwy) A (tn + idt)
satisfies dF = dWV = 0.

Remark: Note that any Sasaki-Einstein 5-ma-
nifold has a hypo SU(2)-structure which satis-
fies (8). In fact, a Sasaki-Einstein 5-manifold
N? is such that the cone N° x R is Kahler and
Ricci flat, that is, has an integrable SU(3)-
structure. Thus it induces an SU(2)-structure
on N° satisfying (8). Note that the two forms
wp, w3 are not given explicitly since the SU(3)
structure on the cone is not explicit; we just
know that such a structure does exist and is
given by (9).



2. Nearly hypo structures

Let (n,w;) be an SU(2)-structure on N° and let
(F,W,W_) be the SU(3)-structure on N> x R
defined by (3).

Goal: Find sufficient conditions on the SU(2)-
structure (n,w;) so that the induced SU(3)-
structure on N® x R is nearly Kihler, i.e. it
satisfies (7).

Definition. We call an SU(2)-structure (n,w;)
on a 5-manifold N° a nearly hypo structure if
it satisfies the following two equations:

(10) dwi =3nAwry, dinAw3z)= —2wi Awj.

Consider SU(2)-structures (n(t),w;(t)) on N?°
depending on a real parameter ¢t € R, and the
corresponding SU(3)-structures

(F(t), Vi(t),V_(t))
on N° x R.



We have

Proposition 1. An SU(2)-structure (n,w;)
on N° can be lifted to a nearly Kahler struc-
ture (F(t), W (¥), W_(t)) on N> xR defined
by (3) if and only if it is a nearly hypo struc-
ture and the following evolution nearly hypo
equations hold

(11) Oiw1 = —dn — 3ws,
O(n AN w3) = dwp + 4n Awy.

Corollary. Any Sasaki-Einstein SU(2)-
structure is a nearly hypo structure.

More generally, we have

Proposition 2. Let f: N> — M®% be an
immersion of an oriented 5-manifold into a
6-manifold with a nearly Kahler structure.
Then the SU(2)-structure induced on N? is
a nearly hypo structure.



Question 1. Does the converse of Propo-
sition 2 hold? That is, can any (real ana-
lytic) nearly hypo structure on N 5 pe lifted to
a nearly Kahler structure on N° x R?

An affirmative answer to this question is equiv-
alent to showing the existence of a solution of
the evolution nearly hypo equations (11).



Theorem 2. Let (N°,n,w;) be a Sasaki-
Einstein SU(2)-structure satisfying (8).
Then the SU(3)-structure (F,W4,W_) on
N® x R defined for 0 <t < 7 by
(12)
F =sin?t (sintwy + costws)

+ sintn A dt,
vV, = sin3tn/\w2

—sin?t (—costwy +sintwsz) A dt,
W_ =sin3¢(—costwy + sintws) An

+ sin® two A dt,
is a nearly K3hler structure on N> x R gen-
erating the well known Einstein metric

g6 = dt° + sin’t gs,

where gg is the Einstein-Sasaki metric on
N>
If (N°,n,w;) is compact then

(N°> x SY P v, w.)

iIS @ compact nearly Kahler 6-manifold with

two conical singularities at t = 0 and t = .
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3. Nearly half flat structures on 6-manifolds

We generalize the construction of nearly paral-
lel Go-structures on MP® x R induced from a
nearly Kahler structure on M® described by
Bilal-Metzger.

Let (F,W4,W_) be an SU(3)-structure on a
6-manifold M°. Consider the Go-structure ¢
on M® x R defined by the 3-form ¢:

(13) b=FAdg—W_,

where dq is the standard 1-form on R. We also
have a 4-form

1
(14) *7¢=§F/\F—|—\U_|_/\dq,

where x7 denotes the Hodge star operator on
MOS x R.
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Vice versa, let f MO — P" pea hypersurface
of a Go-manifold (P’,¢) and denote by N the
unit normal. Then the Go-structure ¢ induces
an SU(3)-structure (F, W, W_) on M° defined
by the equalities
(15)

F =N.ip, V4 =-Nixg, WVW_= — f* .

Recall that a Go-structure is called nearly par-
allel if

(16) dp = 4 * .

It is well known that nearly parallel G>-structures
are Einstein with positive scalar curvature.

Hitchin shows that an SU(3)-structure on M®°
can be lifted to a parallel Gy-structure (13)
on M® x R, (a Gy-structure satisfying do =
d* ¢ = 0), exactly when the underlying SU(3)-
structure is half flat:

dF NF =dW_ =0,
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Goal: Find sufficient conditions on the SU(3)-
structure (F,W_,W_) so that the induced Go-
structure on M% x R determined by (13) is
nearly parallel, i.e. it satisfies (16).

Definition. We call an SU(3)-structure (F, W, W_)
on a 6-manifold M nearly half flat if it satisfies
the equation

(17) dV_ = —2FAF.

In particular, any nearly Kahler 6-manifold car-
ries a nearly half flat structure.
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Consider SU(3)-structures (F'(q), W4 (q), V_(q))
on M°® depending on a real parameter ¢ € R and
the corresponding Go-structure ¢(q) on M°xR.

Proposition 3. An SU(3)-structure
(F,Wy,W_) on M® can be lifted to a nearly
parallel Go-structure ¢(q) on M®° xR defined
by (13) if and only if it is a nearly half flat
structure and the following evolution nearly
half flat equation holds

(18) OyV_ = 4V —dF.

As a consequence of the above considerations,
we can recover one of the Bilal-Metzger main
results
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Theorem 3.[B-M] Let (M°®, F, W, ,W_) be
a nearly Kahler structure.

Then the Go-structure ¢ on M° x R defined
for 0 < qg<m by

(19) b =sin’q F A dg
—sin3 q (— cosq W +sin q\lf_)
is a nearly parallel Go-structure on M® x R
generating the well known Einstein metric
g7 = dg” + sin q ge,

where gg is the nearly Kihler metric on M°.
If (M®, F,Ww,,W_) is compact then (M® x
Sl ¢) is a compact nearly parallel Go-

manifold with two conical singularities at
q=0 and g = .
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More generally we have

Proposition 3. Let f: M® — P7 be an im-
mersion of an oriented 6-manifold into a 7-
manifold with a nearly parallel Go-structure.
Then the SU(3)-structure induced on MP° is
a nearly half flat SU(3)-structure.

Question 2. Does the converse of Proposi-
tion 3 hold? That is, it is true that any (real
analytic) nearly half flat structure on MO can
be lifted to a nearly parallel Go-structure on
MO x R?

This is equivalent to prove the existence of a
solution of the evolution nearly half flat equa-
tions (18).
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4. Examples
For N° = §° c §°,
for N> =52 x 83 c 83 x 83

we find an explicit description of the Sasaki-
Einstein hypo SU(2)-structure on N?

and obtain a new nearly Kahler structure with
two conical singularities on

S° % §1
52 % §3 x S1

as well as a nearly parallel Go-structure on N°x
Sl % 81 according to Theorem 2 and Theo-
rem 3.
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We describe explicitely the Nearly Kahler struc-
ture on S°.

Let U = ©1_4 xié% be the unit normal vec-
tor field to S° — {p}. We identify R’ with the
imaginary part of the space of Cayley numbers,
and define a vector cross product =z x y, where
z, y € R, by the imaginary part of the Cay-
ley nhumber zy. The standard almost complex
structure on S° is defined by J(X) = U x X for
any vector field X on S°.

Consider 85 — {(x]J'H ,ZE6) S R6 ’ 226:11’22 —
1} ¢ 8% and N = 3%7 the unit normal vec-

tor field to S°. Then, using (4), the SU(2)-
structure (n,w;) on S° is given by
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0
3287

n = JF = xgdx1 — x1dxg + xodxs

—x5dxro + x3dTrg — T4dT3,

w1 = f*(F) = z3dx1o — xodr13 + 21dr23 + 25dT14
—x4dx15 + T1dxas + x6drog — T4dxog
+x2drae + r5dr36 — Tedr3s — T3dT56,
o,

T7
+xodxr14 — x3dx15 + TEdro3 — T1dTOYg

—x3dxoe + r1dx35 + T2dx36
+redras — x5dras + T4dxse,
0
8:137

(20) w2 = W = —xadxio + x5dr13

w3z = — W, =drig — dr3zg — dxos.

The SU(2)-structure on S° defined by (20)
satisfies Lemma 1.
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Remark. We notice that the structure (n,w3)
is the standard Einstein-Sasaki structure on S?
induced from the standard Euclidean R°.

We apply Theorem 2 and Theorem 3.

Theorem 4. Let (S°,n,w;,g5) be the stan-
dard Sasaki-Einstein manifold endowed with
the SU(2)-structure determined by (20).
Then

i) The SU(3)-structure on S° x S1 defined
by (12) is a nearly Kahler structure gen-
erating the metric gg = dt? + sin?t gs
with two conical singularities at ¢t =
0,t = .

i) The Go-structure on (S° x S1) x St de-
fined by (19) is a nearly parallel Go-
structure generating the metric g7 =
dg? + sin? g(dt? + sin?¢ gs) with singu-
larities at t = 0,t = m,q = 0,q = .
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We take the explicit description of the standard
SU(3)-structure on S3 x S3 from Acharaya at
all.

Consider the sphere 53, viewed as the Lie group
SU(2), with the basis of left-invariant 1-forms
{Ozl, a9, 043} satisfying

da] = —an A a3,
dao = a1 N a3,
daz = —a1 N ao.

Denote by {31, 82,83} another basis on a sec-
ond sphere S3 satisfying the same relations.
Then, a nearly Kihler structure on S3 x S3:

1
F=_(n AL+ pa A2 + i3 A Tia),
W = i(u1 A po A ps),

271
where p; = %(aj +e38;), forj=1,2,3.
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Consider S3 x S3 as the submanifold of RS,
3 x 83 = {(x1,...,24,T5,...,28) € RS |
34 tarf=at4 - +axi=1}

Denote by {Uj, Vj}?zl the basis of vector fields

on S3 x S3 dual to {aj,ﬁj}]i%:l.

Consider the hypersurface S2 x S3 c S3 x S3
given by x4 = 0. The vector field

N = —v/3(2z1Uq 4+ 225Us + 223U3
+x1V1 + 22Vo + 23V3)

is a unit normal vector field along S2 x S3.

However, this does not give a totally geodesic
embedding and we can not apply Lemma 1.1.
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The SU(2)-structure (n,w;) induced on S2x 3
by N satisfies

dwi = 3n A wo,
dwo = —31n A wq
dwz = 0O,
dn #= —2ws3.

We check that

n A (dn)? # 0,

so n is a contact form on S2 x S3.
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We define the quadruplet (n, &1, 0o, 03) of forms
on S2 x S3 by

3 1

The quadruplet (n, &1, 0o,&3) is an SU(2)-structure
(i.e. it satisfies (1) and (2)).

The SU(2)-structure on S2 x S3 given by (21)
satisfies equations (8) and therefore it is an
Einstein-Sasaki hypo structure.

We apply Theorem 2 and Theorem 3:
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Theorem 5. Let (S2 x S3,n,w,;,g) be the
Sasaki-Einstein manifold endowed with the
SU(2)-structure determined by (21). Then
i) The SU(3)-structure on S2x S3x S1 de-
fined by (12) is a nearly Kahler structure
generating the metric

ge = dt° +sin’t g

with two conical singularities at ¢t =
O0,t = .

i) The Go-structure on (52 x S3 x S1) x 51
defined by (19) is a nearly parallel G»o-
structure generating the metric

g7 = dq° + sin? q(dt® + sin’t g)
with singularities at ¢ = 0,t = m,q =
0,qg = .
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