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HYPERCOMPLEX MANIFOLDS.

Three complex structures I1, I2 and I3 on a

smooth manifold form a hypercomplex struc-

ture if

I2
1 = I2

2 = I2
3 = −Id, and I1I2 = I3 = −I2I1,

where Id is the identity map. Then

I~a = a1I1 + a2I2 + a3I3

defines a complex structure for any point ~a =

(a1, a2, a3) in the unit 2-sphere S2

The smooth manifold W = X × S2 is called

twistor space and is endowed with an inte-

grable almost complex structure I defined by

I(x,~a) = I~a ⊕ JS2.
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HYPERCOMPLEX STRUCTURES RELATED

TO THE HEISENBERG GROUP

The real Heisenberg group of dimensional 4m+1

is the Lie group H4m+1 whose underlying man-

ifold is R
4m × R with coordinates (x, y, z) :=

(x1, . . . , x2m, y1, . . . , y2m, z) and whose group law

is given by

(x, y, z) ∗ (x′, y′, z′) =

(x + x′, y + y′, z + z′ − 2
∑2m

j=1(xjy
′
j − yjx

′
j))

The left translations of { ∂
∂xj |0

, ∂
∂yj |0

, ∂
∂z |0

} are

the following vector fields.

Xj =
∂

∂xj
+2yj

∂

∂z
, Yj =

∂

∂yj
−2xj

∂

∂z
, Z =

∂

∂z
.

(1)

These vectors form a basis for the Heisenberg

algebra h4m+1 of the Heisenberg group H4m+1.
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Let t3 be the 3-dimensional Abelian algebra.

Consider the direct sum h4m+1 ⊕ t3, where t3

is 3-dimensional Abelian algebra and h4m+1 is

4m+1-dimensional Heisenberg algebra. It has

generators {X1, X2, ..., X2m, Y1, Y2, ..., Y2m, Z} with

only nonvanishing bracket [Yi, Xj] = 4δijZ. The

subspace c spanned by Z is the center of the

Heisenberg algebra. Fix a basis {E1, E2, E3}

for t3 also. Consider the endomorphisms I1, I2
and I3 of h4m+1 ⊕ t3 defined by

I1X2a−1 = X2a, I1Y2a−1 = Y2a, I1Z = E1;

I2X2a−1 = Y2a−1, I2X2a = −Y2a, I2Z = E2;

I3X2a−1 = Y2a, I3X2a = Y2a−1, I3Z = E3;

I2E1 = −E3, I3E1 = E2, I1E2 = E3;
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Through left translations, these endomorphisms

define almost complex structures on the prod-

uct of the Heisenberg group and the three-

dimensional additive group H4m+1×R3 ∼= R4m+4.

As [IaX, IaY ] = [X, Y ] for any left-invariant

vector fields X and Y and 1 ≤ a ≤ 3, these

complex structures are integrable.

Let Γ be the subgroup (Z4m+1, ∗) of the Heisen-

berg group where ∗ is the product in H4m+1.

Then Γ is a lattice and the quotient space

(Γ\H4m+1) × (R3/Z3) is a compact manifold.

Since Ia are invariant it is equipped with hyper-

complex structure. It admits a hypercomplex

projection

φ : Γ\H4m+1 × (R3/Z3) → T4m.

We denote this compact hypercomplex mani-

fold by X.
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AUTOMORPHISMS AND DEFORMATIONS

OF THE HYPERCOMPLEX STRUCTURE ON

X ARISING FROM DEFORMATIONS OF THE

LATTICE.

Theorem 1 The hypercomplex structure on

H4m+1 × R3 constructed above is equivalent

to the standard one on Hm+1.

This follows from the fact that the structure is

Obata flat. In fact one can find explicit global

hypercomplex coordinates.

It is known that any deformed lattice Γ′ in

nilpotent Lie group is obtained from Γ by ap-

plying an automorphism of the group. So if

we want to consider the set of hypercomplex

structures arising from deformations of the lat-

tice in X, then the automorphism group of the

Lie algebra acts transitively on this set. So in

order to find its dimension we need:
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Lemma 1 Let {Z, E1, E2, E3, X2a−1, X2a, Y2a−1, Y2a}

be an ordered basis for h4m+1 × R3. The au-

tomorphism group of h4m+1 ⊕ t3 consists of

elements Υ leaving the center invariant of the

form:

Υ =

(

A B
0 C

)

where A is in Endc ⊕ Hom(t3, c ⊕ t3), and B is

in Hom(h4m+1 ⊕ t3, c ⊕ t3). Moreover, C is a

matrix preserving a symplectic form in R4m up

to a constant.

If V = (z, ej, xi, yi) and V ′ = (z′, e
′

j, x
′

i, y
′

i) in the

given basis, then

[V, V ′] = −2ω(V, V ′)Z

for the skew form ω with Kerω = span{Z, E1, E2, E3}

and ω(V, V
′
) = 2(−yix

′

i + xiy
′

i). Since the cen-

ter is preserved, ω(Υ(V ),Υ(V ′)) = sω(V, V ′)

which gives the proof. Denote the set of V ∈

R4m with this property CSp(2m, R).
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The next step is to identify the automorphisms

preserving the hypercomplex structure.

Proposition 1 The hypercomplex spaces (H4n+1×

R3)/Γ and (H4n+1 × R3)/Υ(Γ) , where Υ =

exp(Υ) are equivalent if and only if:

A = sI, s 6= 0

B ∈ CSp(2m, R) ∩ GL(m, H) = CSp(m)

C = (C1C2...Cn) =











α2i−1 α2i β2i−1 β2i
−bi ai −di ci
−ci di ai −bi
−di −ci bi ai











In particular the dimension of the group of hy-

percomplex automorphisms arising in this way

is 1 + 9m + 2m2.

The proposition follows from the fact that all

hypercomplex automorphisms of Hn are affine.
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As a result we have:

Theorem 2 The dimension of the automor-

phism group of the Lie algebra h4m+1 ⊕ t3, is

13+18m +8m2. Its subgroup which also pre-

serves the hypercomlex structure on H4m+1 ×

R3 has dimension 1 + 9m + 2m2.

Corollary 1 The dimension of the deforma-

tions of the hypercomplex structure on X =

(Γ\H4m+1)× (R3/Z3) arising from a deforma-

tion of the lattice is 12 + 9m + 6m2
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TWISTOR SPACE AND HYPERCOMPLEX

DEFORMATIONS

The twistor space W has the following proper-

ties:

• The projection p : W → S2 is holomorphic.

with fiber p−1(~a) isomorphic to the complex

manifold (X, I~a).

• The map is also real in the sense that there

is an anti-holomorphic involution τ on W such

that p ◦ τ = ρ ◦ p where ρ is the anti-podal map

on the 2-sphere.

• The submanifolds {x} × S2 form a family of

holomorphic sections of p with normal bundle

identified with the vertical bundle of p given by

Cm ⊗ p∗O(1) .

Then there is a correspondence:

• (hypercomplex structures on X)
1−1
↔ (quadru-

ples (W, I, p, τ) as above
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Based on the above correspondance the defor-

mations of hypercomplex structures are iden-

tified to deformations of the real map p : W →

CP1 (H.Pedersen Y.S.Poon). Consider the ex-

act sequence:

0 → DW → ΘW
dp
→ p∗Θ

CP1 → 0

Infinitesimal deformations of the map p are de-

scribed by the cohomology spaces Hk(W,DW).

The real part of H1(W,DW) contains the defor-

mations of the hypercomplex structures with

H2(W,DW) being the obstruction space. Sim-

ilarly, the real part of the cohomology spaces

Hk(W,ΘW ) contains the deformation theory of

the quaternionic structures (Salamon). Using

this theory H.Pedersen and Y.S.Poon previ-

ously have determined the deformations of the

compact homogeneous hypercomplex manifolds.
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COMPLEX AND HYPERCOMPLEX DEFOR-

MATIONS ON 4m-TORUS

It is known that every small deformation of 4m-

dimensional torus T4m = R4m/Γ arises from

a small deformation of the defining lattice Γ.

This leads to identification of the moduli space

component with the set

SL(4m, Z)\GL(4m, R)/GL(2m, C)

Similarly we obtain that every local deforma-

tion of the standard hypercomplex structure on

T4m is generated by a deformation of Γ = Z4m.

In particular the connected component of the

moduli space is the topological space

SL(4m, Z)\GL(4m, R)/GL(m, H)

Similar result holds for the quaternionic defor-

mations.
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MAIN RESULTS

• Theorem 3 The real dimension of the vir-

tual parameter space of deformations of

hypercomplex structures on the (4m + 4)-

dimensional manifold X is equal to 6m2 +

11m + 12.

• Theorem 4 Every point in the virtual pa-

rameter space is an infinitesimal deforma-

tion of an integrable deformation.

• Theorem 5 There are deformations of the

hypercomplex structure on X which do not

arise from a deformation of the lattice.
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OUTLINE OF THE PROOF

First consider the twistor space Z of the tori

T4m with the projection p : Z → CP
1. Then in

a local coordinate µ of CP
1 the local coordi-

nates of Z are wa
1 = µza

1 − za
2, wa

2 = µza
2 + za

1

and µ.

So there exists explicit local trivialization of

(1,0) and (0,1) tangent and cotangent spaces

of Z. If U1
⋃

U2 = CP
1 is the standard covering

of CP
1 then the forms

σa
1 =

µdza
1 − dza

2

1 + |µ|2
, σa

2 =
µdza

2 + dza
1

1 + |µ|2

determine trivialization for R1p∗O(U1). They

form basis of H1(p−1(λ),O) for each λ ∈ U1 ⊂

CP
1. Then one can determine the direct image

sheaves

Rqp∗O = ∧q
(

t∗(0,1) ⊗O(1)
)
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From here and the projection formula one ob-

tains:

Rqp∗p
∗O(ℓ) = Rqp∗O ⊗O(ℓ)

= O(ℓ) ⊗ ∧q
(

t∗(0,1) ⊗O(1)
)

= O(ℓ + q) ⊗ t∗(0,q).

The Lerray spectral sequence for the map p :

Z → CP1 gives E
p,q
2 = Hp(CP1, Rqp∗p∗O(ℓ)),

and E
p,q
∞ ⇒ Hp+q(Z, p∗O(ℓ)). When ℓ ≥ −1,

E
p,q
2 = 0 for all p ≥ 1 and q ≥ 0. Therefore,

the spectral sequence degenerates at E2, and

Hk(Z, p∗O(ℓ)) = ⊕p+q=kE
p,q
2 = E

0,k
2

= H0(CP
1, Rkp∗p

∗O(ℓ))

= H0(CP
1,O(ℓ + k) ⊗ t∗(0,k))

= t∗(0,k) ⊗ Sℓ+k
C

2.

Now using the fact that Ker(dp) = DZ = t1,0⊗

O(1) we have:
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Lemma 2 There is a natural isomorphism

Hk(Z,DZ) = t1,0 ⊗ t∗(0,k) ⊗ Sk+1
C

2.

We observe that

dimH1(Z, DZ) = dim(GL(4m, R)/GL(m, H))

In order to obtain the result about the local

moduli space on the tori we need to check the

integrability of each element in dimH1(Z, DZ)

taking into account the fact that the obstruc-

tion space is not zero. We use the Kodaira-

Spencer method which states that Φ1 ∈ H1(Z, DZ)

is integrable if there is a (locally) convergent

power series Φ(t) = Φ1t+Φ2t2+ . . ., where Φk

are (0,1) vector-valued forms, such that

∂Φ(t) +
1

2
{Φ(t), Φ(t)} = 0.
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This is equivalent to

∂Φn+1 = −1/2
n
∑

i=1

{Φi,Φn+1−i}

for each n. In case of tori {Φ1,Φ2} = 0 so the

series has only the first term.

The hypercomplex map r : X → T4m gives rise

to a holomorphic map Ψ : W → Z of the cor-

responding twistor spaces. Again there are ex-

plicit trivializations of the tangent and cotan-

gent spaces of W which leads to the identifi-

cation of Hk(W, DW ).
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Since the obstruction space is not zero, the in-

tegrability in Theorem 2 is again investigated

using the Kodaira-Spencer method. We con-

struct a convergent power series defining one

parameter family of deformations related to ev-

ery element in H1(W, DW) and. Finally the

relation with quaternionic deformations is pro-

vided by the coboundary map for the cohomol-

ogy sequence induced by the map p. It appears

that the coboundary map is injective which

gives the dimension of the groups Hk(W,ΘW).

The convergence is similar.
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Similar methods provide the space of quater-

nionic deformations on X

• Theorem 6 Every quaternionic deforma-

tion of the hypercomplex structure on X

is a hypercomplex deformation.

• Theorem 7 The real dimension of the pa-

rameter space of deformations of quater-

nionic structures on the (4m+4)-dimensional

manifold X is equal to 6m2 + 11m + 9.
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