Deformations of Hypercomplex
Structures
associated to Heisenberg

Groups

Gueo Grantcharov
Henrik Pedersen
Yat Sun Poon



HYPERCOMPLEX MANIFOLDS.

Three complex structures I7,I> and I3 on a
smooth manifold form a hypercomplex struc-
ture if

13 =13=15=—1Id, and I1Ip = I3 = —I5I,
where Id is the identity map. Then

Iz = a1ly + axls + azl3

defines a complex structure for any point a =
(a1,a5,a3) in the unit 2-sphere S?2

The smooth manifold W = X x S2 is called
twistor space and is endowed with an inte-
grable almost complex structure 7 defined by

I(:C,C—L») = IEL’ o, JSQ.



HYPERCOMPLEX STRUCTURES RELATED
TO THE HEISENBERG GROUP

The real Heisenberg group of dimensional 4m-+-1
Is the Lie group Hg,y,4-1 Whose underlying man-

ifold is R*™ x R with coordinates (z,y,2) :=

(T1,...,Z2m, Y1, ---,Y2m, 2) and whose group law
IS given by

(z,y,2) * (2, ¢, 2") =
(x4 y+y, 2+ 2 = 2550 (259 — yja)))

The left translations of {8‘2_ 0"92|0’3Z\0} are
J

the following vector fields.

0 0 0 0 0
X; = 2 Y, = — -2 Z = —.
7 896 oz, Vi, 0z 1 Y, Y02 0z’ 0z
(1)

T hese vectors form a basis for the Heisenberg
algebra b4,,+41 Of the Heisenberg group Hyyp4 1.



Let t3 be the 3-dimensional Abelian algebra.
Consider the direct sum bg,,41 ® t3, where t3
is 3-dimensional Abelian algebra and hg,,41 is
4m + 1-dimensional Heisenberg algebra. It has
generators {Xl, X2, ooy, Xom, Y1, Y2, cey, Yo, Z} with
only nonvanishing bracket [Y;, X;] = 44,;Z. The
subspace ¢ spanned by Z is the center of the
Heisenberg algebra. Fix a basis {F;, Fp, E3}
for t3 also. Consider the endomorphisms I, Io
and I3 of hgy,41 @ t3 defined by

11 X041 = X2q, 11Y2q—1=Y2,, [1Z = En;

Io X041 =Y2q-1, I2Xoq= —Y2q, I2Z4 = Ep;

I3 X041 = Y2q, I3X2q =Y2q-1, 134 = E3;
IoEy = —Fk3, I3k; = Ep, I1Ey = E3;



T hrough left translations, these endomorphisms
define almost complex structures on the prod-
uct of the Heisenberg group and the three-
dimensional additive group Hy,, 11 xR3 = R4 t4,

As [I,X,1,Y] = [X,Y] for any left-invariant
vector fields X and Y and 1 < a < 3, these
complex structures are integrable.

Let " be the subgroup (Z*™t1 «) of the Heisen-
berg group where x is the product in Hygy,41.
Then I is a lattice and the quotient space
(M\Hami1) x (R3/Z3) is a compact manifold.
Since I, are invariant it is equipped with hyper-
complex structure. It admits a hypercomplex
projection

¢ T\Hgpm41 X (R3/Z3) — T4™.

We denote this compact hypercomplex mani-
fold by X.



AUTOMORPHISMS AND DEFORMATIONS
OF THE HYPERCOMPLEX STRUCTURE ON
X ARISING FROM DEFORMATIONS OF THE
LATTICE.

Theorem 1 The hypercomplex structure on
Hyma1 x R3 constructed above is equivalent
to the standard one on H™t1

T his follows from the fact that the structure is
Obata flat. In fact one can find explicit global
hypercomplex coordinates.

It is known that any deformed lattice I’ in
nilpotent Lie group is obtained from [ by ap-
plying an automorphism of the group. So if
we want to consider the set of hypercomplex
structures arising from deformations of the lat-
tice in X, then the automorphism group of the
Lie algebra acts transitively on this set. So in
order to find its dimension we need:



Lemma 1 Let {Z, E]_,EQ,E3,X2a_1,X2a,YQa_l,YQa}
be an ordered basis for H4,,11 x R3. The au-
tomorphism group of Hgp41 @ t3 consists of
elements Y leaving the center invariant of the

form:
A B
=(5o¢)

where A is in Endc® Hom(t3,c® t3), and B is
in Hom(hgmi1 ® 3, c® t3). Moreover, C is a
matrix preserving a symplectic form in R*™ up
to a constant.

If V = (z,ej,aci,yi) and V/ = (z/,e;-,:c;,y;) in the
given basis, then

[V.V] = —2w(V, V) Z

for the skew form w with Kerw = span{Z, F1, E>, E3}
and w(V, V/) = 2(—yix; + :Uiy;). Since the cen-

ter is preserved, w(T(V),T(V")) = sw(V,V')
which gives the proof. Denote the set of V &
R4™ with this property CSp(2m,R).



The next step is to identify the automorphisms
preserving the hypercomplex structure.

Proposition 1 The hypercomplex spaces (H4n_|_1><
R3)/T and (Hgpa1 x R3)/T(I) , where T =
exp(Y) are equivalent if and only if:

A = sl,s#0

B € CSp(2m,R)NGL(m,H) = CSp(m)
ani_1 Q@2 [Boi—1 B2

_ _| “b e —d ¢
C = (C1C5...Cp) = —c; d; a; —b;
—d; —c; b; a;

In particular the dimension of the group of hy-
percomplex automorphisms arising in this way
is 1 + 9m + 2m=2.

The proposition follows from the fact that all
hypercomplex automorphisms of H" are affine.



AS a result we have:

Theorem 2 The dimension of the automor-
phism group of the Lie algebra hap,4+1 © t3, is
13 4+ 18m + 8m?2. Its subgroup which also pre-
serves the hypercomlex structure on Hgpp,41 X
R3 has dimension 1 4+ 9m + 2m?2.

Corollary 1 The dimension of the deforma-
tions of the hypercomplex structure on X =
(M\Hgmi1) x (R3/Z3) arising from a deforma-
tion of the lattice is 12 + 9m + 6m?2



TWISTOR SPACE AND HYPERCOMPLEX
DEFORMATIONS

T he twistor space W has the following proper-
ties:

e The projection p : W — S§2 is holomorphic.
with fiber p—1(&) isomorphic to the complex
manifold (X, Iz).

e [ he map is also real in the sense that there
IS an anti-holomorphic involution - on W such
that porT = pop where p is the anti-podal map
on the 2-sphere.

e The submanifolds {z} x S2 form a family of
holomorphic sections of p with normal bundle
identified with the vertical bundle of p given by
C"®p*O(1) .

Then there is a correspondence:

e (hypercomplex structures on X)l;]L (quadru-
ples (W,Z,p,7) as above

10



Based on the above correspondance the defor-
mations of hypercomplex structures are iden-
tified to deformations of the real map p: W —
CP! (H.Pedersen Y.S.Poon). Consider the ex-
act sequence:

O—>DW—>@W@>]D*@CP1—>O
Infinitesimal deformations of the map p are de-
scribed by the cohomology spaces H’“(W, Dw ).
The real part of H1 (W, Dy) contains the defor-
mations of the hypercomplex structures with
H?(W, Dy,) being the obstruction space. Sim-
ilarly, the real part of the cohomology spaces
HE(W, ®y,) contains the deformation theory of
the quaternionic structures (Salamon). Using
this theory H.Pedersen and Y.S.Poon previ-
ously have determined the deformations of the
compact homogeneous hypercomplex manifolds.

11



COMPLEX AND HYPERCOMPLEX DEFOR-
MATIONS ON 4m-TORUS

It is known that every small deformation of 4m-
dimensional torus T%4™ = R*™/I" arises from
a small deformation of the defining lattice I.
This leads to identification of the moduli space
component with the set

SL(4m,Z)\GL(4m,R)/GL(2m,C)

Similarly we obtain that every local deforma-
tion of the standard hypercomplex structure on
T4™ is generated by a deformation of T = Z4™,
In particular the connected component of the
moduli space is the topological space

SL(4m,Z)\GL(4m,R)/GL(m,H)

Similar result holds for the quaternionic defor-

mations.
12



MAIN RESULTS

e Theorem 3 The real dimension of the vir-
tual parameter space of deformations of
hypercomplex structures on the (4m + 4)-
dimensional manifold X is equal to 61m 2 -+
11m + 12.

e T heorem 4 Every point in the virtual pa-
rameter space is an infinitesimal deforma-
tion of an integrable deformation.

e Theorem 5 There are deformations of the
hypercomplex structure on X which do not
arise from a deformation of the lattice.
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OUTLINE OF THE PROOF

First consider the twistor space Z of the tori
T4 with the projection p: Z — CPL. Then in
a local coordinate p of CP! the local coordi-
nates of Z are w$ = p2{ — 25, wd = pzs + 29
and pu.

So there exists explicit local trivialization of
(1,0) and (0,1) tangent and cotangent spaces
of Z. If U1 |JU>» = CP1 is the standard covering
of CP! then the forms

_ pdz{ —dz3 _,  ndzg + dzf

T 1P 72T 1P

—a

determine trivialization for Rp.O(Uy). They
form basis of H1(p~1()\), ®) for each A € Uy C
CPl. Then one can determine the direct image
sheaves

Rip,0 = A7 (01 @ 0(1))

14



From here and the projection formula one ob-
tains:

Rip«p*O(¥)

RIp.O @ O(f)
00 @ A (%1 ® 0(1))

= O+ q) @09,

The Lerray spectral sequence for the map p :
Z — CP1l gives E5? = HP(CP!, Rip.p*O(¥)),
and ERY = HPTI(Z p*O(¥)). When ¢ > —1,
ES? =0 for all p > 1 and ¢ > 0. Therefore,
the spectral sequence degenerates at F», and

k
HY(Z,p"0(0)) = @pye=iFh? = By
HO(CPL, RFp,.p*O(0))
HO(CPL, 00 + k) ® t(0:F))y
+(0k) o gltkc2.

Now using the fact that Ker(dp) = D, = t1.0g
O(1) we have:

15



Lemma 2 There is a natural isomorphism

Hk(Z, DZ) — tl,O ® t*(o,k) ® Sk—l—lcz

We observe that

dimHY(Z,Dy,) = dim(GL(4m,R)/GL(m, H))

In order to obtain the result about the local
moduli space on the tori we need to check the
integrability of each element in dimH1(Z,Dy)
taking into account the fact that the obstruc-
tion space is not zero. We use the Kodaira-
Spencer method which states that ®; € HY(Z, D)
is integrable if there is a (locally) convergent
power series ®(t) = dt+ Pot24+ ..., where &,
are (0,1) vector-valued forms, such that

F () + %{Cb(t), (1)} = 0.

16



This is equivalent to

mn
0P, =-1/2) {P;, P11 4}
i—1

for each n. In case of tori {®1,Po} = 0 so the
series has only the first term.

The hypercomplex map r : X — T4™ gives rise
to a holomorphic map W : W — Z of the cor-
responding twistor spaces. Again there are ex-
plicit trivializations of the tangent and cotan-
gent spaces of W which leads to the identifi-
cation of H*(W, Dyy).

17



Since the obstruction space is not zero, the in-
tegrability in Theorem 2 is again investigated
using the Kodaira-Spencer method. We con-
struct a convergent power series defining one
parameter family of deformations related to ev-
ery element in HY(W,Dy,) and. Finally the
relation with quaternionic deformations is pro-
vided by the coboundary map for the cohomol-
ogy sequence induced by the map p. It appears
that the coboundary map is injective which
gives the dimension of the groups H’“(W, Ow).
The convergence is similar.
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Similar methods provide the space of quater-
nionic deformations on X

e Theorem 6 Every quaternionic deforma-
tion of the hypercomplex structure on X
iIs a hypercomplex deformation.

e Theorem 7 The real dimension of the pa-
rameter space of deformations of quater-
nionic structures on the (4m+4)-dimensional
manifold X is equal to 6m?2 + 11m + 9.
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