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Common sector of Type II string equations

e Strominger (1986): (M, g) n-dimensional
Riemannian spin manifold with a 3-form T
(field strength), a spinor field W (supersym-
metry) and a function & (dilaton).

e Bosonic equations:

R —3TimnTjmn+2VECs;0 = 0, 6(e72¢T) = 0.

e Fermionic equations:

(VES + LixT) =0, T -w=2d¢ V.

It is impossible to look for solutions on a
fixed manifold.

Geometric meaning of the 3-form T'7



The first fermionic equation means that W
IS parallel with respect to a new connection:

1
VyY =VEY + ST(X,Y, ).

= T = torsion of V and the equations be-
come:

1
RicY + ST + oviCap =0, 4§ 2T)=0

Vip =0, T -W=2dp W

Remarks:

e Bosonic equations generalize Einstein equa-
tions of general relativity.

e Calabi-Yau and Joyce manifolds are exact
solutions with T'= 0 and ¢ = const.



= If dmM = 7, integrable G, structures
are exact solutions and non-integrable Go-
structures can be studied using metric con-
nections with skew-symmetric torsion.

e Can the same 7-manifold (M, g) carry in-
tegrable and non-integrable G» structures
simultaneously?

e [ here are 7-manifolds with a parallel spinor
for vLC admitting a covariantly constant
spinor for some other V7

Aim The answer is YES to both questions.
The manifold will be a rank-one solvable
extension of a 6-dimensional nilpotent Lie
group (= non compact).



Connections with skew-symmetric torsion
(M™, g) oriented Riemannian manifold
V: metric connection
VxY = VEY + A(X,Y),
with A € R»®@A2(R™) = A can be identified
with the torsion T of V.
If AcA3RM) =

VxY = VY + I1(X,Y, )

and V is called a metric connection with
skew-symmetric torsion.

= The V-Killing vector fields coincide with
the Riemannian Killing vector fields.



Lifting metric connections to SM

VxY = VY + AyY,
with Ay = ixT € so(n) = A2(R") =
Ax = Z’i<j Qjje; N\ €j.
Since the lift into spin(n) of e; Ae; is “i5L,

Ax defines an element in spin(n) (= an en-
domorphism on SM).

The action of Ay is:
AxY =iy Ax on vectors (Ax € so(n))
Axp = 5Ay -4 on spinors (Ax € spin(n))

- ""is the Clifford product of a k-form by a
spinor

= the lift of V on SM is
1
Vit = VW + JAx o



Non existence theorems
If the dilaton function ¢ = const
e Bosonic equations: RicY =0, éT =0

e Fermionic equations: VW =0, T-wv =0

T heorem A full solution of Strominger’s model
with ¢ = const satisfies necessarily T' = 0
or ¢p = 0.

[Compact case, Agricola.
General case, Agricola, Friedrich, Nagy, Puhle.]



Vanishing Theorem [Agricola-Friedrich]
(M™, g, T) compact spin with Scald < 0. If
dT' acts on spinors as a non positive endo-
morphism and dy # 0 solution of

Vx = VY + (ixT) -9 =0
then T =0 = Scald and VLCy = 0.

Corollary On a Calabi-Yau or Joyce manifold
a torsion connection such that d7' = 0 can
have parallel spinor only for T'= 0.

= rigidity of vacuum solutions under defor-
mation of the connection.

The Vanishing Theorem applies also to
nilmanifolds M\G.

We will give 7-dimensional examples for which
the rigidity theorem does not hold.



Starting point There exist (incomplete) met-
rics of holonomy Go with 2-step nilpotent
iIsometry group N© acting on orbits of codim
1 [Gibbons—Li—Pope—Stelle].

Such metrics are ‘scale invariant’ meaning
that there is a homothetic Killing vector
field X (Lxg = cg) and locally conformally
equivalent to homogeneous metrics on rank-
one solvable extensions of N° [Chiossi, F].

= classification of 6-dimensional nilpotent
Lie algebras endowed with an SU(3)-structure
and a “Hermitian’ derivation D such that
the Go-structure on the solvable extension
is conformally parallel (integrable).



SU(3) structures

Let N be a (real) 6-dimensional manifold.
An SU(3) reduction is given by

(J, w, h)
plus a choice of
n=nT4in" e A3V

One can choose an orthonormal basis of 1-
forms such that

w=e¢e
n = (eld+ie*) A (e2—ie3) A (e +ied)

with n= Aw = 0.

14 623 + 656,

Note nt determines J and n— = JnT.
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Intrinsic torsion for SU(3)

dw = O,
Hol(N® h) C SU(3) < { dnT =0,
dn— = 0.

The failure of this condition is measured by
the intrinsic torsion (tensor) T belonging to
the space

T* @su(3)L = T*® ([A2°] & R)
= W1 EWr P W3Dd W4 P Ws

where Wj are the so-called ‘Gray—Hervella
classes’ for 3 < 4.

If dv? =dnT =0 = the SU(3) structure is
half-flat.
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G-, structures

Given M’ such that
T M’ =T'N° @R

(e.g. a Riemannian product M7 = N° x R)
and an SU(3)-structure (w,n™T), define

o = wAhe +nT,
P 77_/\67—|—%w2,

where e’ = dt (¢t a coordinate on R).

The associated metric g has an orthonormal
basis for which

=6147—6237—|—€567—|—€125—|—€136—|—6246— 345

% e

has isotropy G»> C SO(7).
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The intrinsic torsion of a G5 structure can
be identified with VLCgo and is encoded into
the exterior derivatives dyp, dxp by

de To * @ + 371 AN @ + %73,
dxp = 4T AN*x@+ TN

where 7; is an intrinsic torsion :-form.

Ve € T* @ g X1 B Xo @ X3 DXy

R®go®Sg(R") &R’

112 112

[Fernandez-Gray]

class type conditions
Xa conformally parallel | o = m» =713 =20
X1 D A3 cocalibrated T1=172=020
X1 6D X3P Xy GoT ™»=0
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Theorem [Friedrich-Ivanov]

7> = 0 <= d! a torsion connection V such
that Vo =20

<= d a vector field X such that dp =

—1X Q.

The resulting 3-form torsion is

T = %Togo — xdp + (4711 N\ @)

and V admits (at least) one parallel spinor.

T e N3(R) =R & So(R7) @ R”.

(M7, ) is locally conformal parallel iff

311 N\,
AT11 N *p.

dp
d*

In this case, T = x(71 A ).
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(GG> can be lifted to a subgroup of Spin(7).

A7 complex vector space of all 7-dimensional
spinors = A7 is a complex Spin(7)-representation
and the complexification of a real represen-
tation.

A7 ZReR’ (under Go).

We will use the real representation obtained by

e1
e
es
ea
es

€6

+ F1s + E27 — E3e — Eiss,
—FE17 + E2g + E35 — Eae,
—F16 + E25 — E3g + Eaz,
—FE15 — E2e6 — E37 — Las,
—FE13 — Eb4 + Es7 + Ees,
+FE14 — E23 — Esg + Eev,

er = +E12 — E34 — Ese + E7s,

E;; standard basis of s0(7).
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Solvable Extensions

Let (n, [, ]n, (-,-)) be a metric nilpotent Lie
algebra.

Then (s = n®a,(,-)) is a metric solvable
extension of (n,{-,-)") if [-,] restricted to n
coincides with [-,-]n and (-, Y|axn = (-, ).

One says that s is ‘standard’ if a = (s1)=+ is
abelian, and dima is called the rank.

If the rank is 1 with a = (A), the extension is of
Iwasawa type if
(i) ada # 0 is self-adjoint with respect to (, ),

(ii) adals is positive-definite.
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The study of standard solvable Lie algebras
with Einstein metrics reduces to rank-one
metric solvable extensions

(an@RH, <7>)
with (H,n) =0, ||H|| =1 and Lie bracket

[H, X] = DX,
{ [X7 Y] — [X,Y]n

for some n and D € Der(n) [Heber].

All nilpotent Lie groups of dim < 6 admit a
rank-one Einstein solvable extension [Lauret,
Will].
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Classification theorem [Chiossi—F]

Let N be a nilpotent Lie group of dimension
6 with an invariant SU(3) structure (w,nt).
Suppose that there is a derivation D of the
Lie algebra n such that (DJ)2 = (JD)2.

Then on the solvable extension

s =nd (e7)
with ade; = D, the Go-structure
Y =wA e’ + n+

is conformally parallel iff n is
(i) either R® or 2-step nilpotent, and
(ii) not isomorphic to h3 @ bhs3.
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Sketch of the proof

e Since the derivation D = ade, preserves
the orthogonal splitting n! @ (n1)+, one can
suppose that D is diagonalizable by a uni-
tary basis {e1,...,eg} with e; € (n1)1. The
Maurer-Cartan equations of s are
{dejzciej—l—cjeﬂ, 1<57<6
de’ =

where d = d| «ge, de! =0, and C; # 0.

e ¢ is conformally parallel iff 3m #= 0 such
that

dw/\e7—|—d77+ = —3m77+/\e7,
dn~ ANel +FwAhdow = 2mw? Ae’.

()

In this case, (w,nT) is necessarily half-flat.
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Consequences

If n is not abelian =

e J cannot be integrable

e dw # 0.
[Conti-Tomassini studied symplectic half-flat struc-

tures on 6-dimensional nilmanifolds N]

d1l' %= 0 unless m = 0.

[Chiossi—Swann proved that if J is integrable and
N x St is GoT, then N is balanced]
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Corollary Any solvmanifold corresponding to
a 6-dimensional 2-step nilpotent Lie alge-
bra, except h3®h3, admits a pair of Einstein
metrics (one homogeneous and one Ricci-

flat).

nilpotent Lie algebra

eigenvalues of ad,,

(0,0,e',0,0,0)

_(Q;rb,m7 4§n7m, Q;nam)

(07 07 6157 6257 O’ 612)

_(3m 3m 6m 6m 3m bm
57575”5575

(07 07 615 _ 6467 07 07 O)

3m 3m 3m 3m 3m
_(Tm72747474

(07 6457 _615 T 6467 07 Oa O)

_(4m ébm m 3m 3m 4m
55”55”5775

(07 6457 6467 O) 07 O)

5m 5m m 3m 3m
_(m74747§a474

(O, el6 + 645, eld _ 646, 0, 0, O)

_(2m dm 4m 2m 2m 22m
3’37333’ 3
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Corresponding Ricci-flat metrics

If (S, ¢, g) is conformally parallel, the change

g = e2fg with df = me’ produces a Ricci-
flat metric in terms of coordinates (xz1,...,xg,t)
where e’ = dt.

g is Ricci-flat and admits LC-parallel spinors.

¢ defines a LC'-parallel spinor W by

1
P(X,Y,2) = <X Y 2. W,V >,

where “. "is the Clifford multiplication and
<, > is the scalar product on the spinor
bundle.

In terms of the spin representation A, one
has v =(0,0,0,0,1,1,—-1,1).
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Comparing the metrics with the ones found
by GLPS

nilpotent Hol LC-parallel
Lie algebra spinors

(0,0,e'>,e%>,0,e*?) G 1
(0,e*, —e'> —e%°,0,0,0) G 1
(0,e'® +e*,e*®> —€%°,0,0,0,) G 1
(0,0,e'> —¢e%%,0,0,0) SU(3) 2
(0,e*,€e%°,0,0,0) SU(3) 2
(0,0,e'2,0,0,0) SU(2) 4

E.g. The metric corresponding to
(0,0,e'> e22,0,e'?) is locally isometric to the scale-
invariant metric on M®° x R, where

M6 I 8.
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Example The metric

g = e_%mt(da:% + dz2) + e_%mt(daﬁﬁ + dz2)
+%m26§mt(dac3 — %azldmg, + %:1:4d:136)2
—I—%mzeﬁmt(dxg + %CB4CZCB5)2 + e—2mi g2

on the solvmanifold corresponding to
(0,e%°, —eld> —¢%°,0,0,0)
is new!

It is scale invariant with symmetry generated by the
homothetic Killing field

— _590 9 0 0 0
Z = 2£n ot +(;I-xlagil8+ 43:23:66 + 33348904 _I_ 3565 0xs
—I—?mm38—mg + ?mxza—%
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Evolution of SU(3)-structures

If the Go-structure
Y =wA e’ + n+

on s is conformally parallel, (w,nT) is half-
flat.

T heorem [Hitchin]

If a compact manifold N® has a half-flat
SU(3)-structure, 3 a metric with Hol C G5
on N®x T for some interval I.

Proposition [Chiossi-F]

Any of the Ricci-flat metrics g on the solv-
able Lie group S can be obtained evolving
the SU(3) structure on the 2-step nilmani-
fold M\N°.
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Questions related to spinors:

e Is g induced by another (not integrable)
Go-structure?

e Which solvable Lie groups (S,g) admit a
parallel spinor for another torsion connec-
tion?

We will assume T has the form

T € A3, =< simple forms appearing innt,n",wAe’ > .

The Clifford multiplication by 7 has, as an endo-
morphism, the block structure

0 =x

* 0 /-
The Levi-Civita connection VL€ is given by:
VY = VEOY + df (X)Y + df (Y)X — g(X,Y)gradf,
with df = me’ = VIX =0,VX €n =

Ker(VLC + .. T) = Ker(i.,T).

26



Parallel Spinors

Reduction Theorem [Agricola, Chiossi, F]

A non-trivial element in the kernel of ., T
for T # 0 € A3;(Y) is a linear combination
of upper-block forms:

e V= (a,b,c,d 0,0,0,0) with

Tse7 = 0, T1a7 = —T>37,

e W= (a,bTa,+b0,0,0,0) and

Tra7 = —1237 + €167

or lower-block forms:

e W =(0,0,0,0,e,f,g,h) with

Ts67 = 0, T1a7 = T>37.

e WV =1(0,0,0,0,e,f,£e,Ff) and

T1a7 = To37 + €1k67.
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(S, g): solvmanifold corresponding to
(0,0,el> 25 0,el?),

v = (0,0,0,0,1,1,—1,1): unique LC-parallel
spinor

T heorem [Agricola, Chiossi, F]

The equation VxW = 0 admits precisely 7
solutions for some T # 0, namely:

a) An RP'-parameter family of pairs (Ty. s, Wy )
such that V%W, s = 0;

for r = s, one has T, s = 0 and W, is a
multiple of W.

b) Six isolated solutions in pairs (T, W5) for
r=1,2,3 and e = +.

The G5 structures admit precisely one par-
allel spinor, and are of general type

R & Sg(R7) ¢ R, except for

r = s (@rr is parallel) and r = —s (no R-
part).
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(S, g): solvmanifold corresponding to
(0,e%®, —el> — %6 0,0,0).

T heorem [Agricola, Chiossi, F]

If 4 ¢ = 0 solution of V¢ = 0, then:

(a) ¢ is a multiple of

(1 + 2iev2, 3, 1 + 2iev/2, —3,0,0,0,0) and

T — % [—2e126 4 ¢135 46245 4 346] 4 ey /2 [125 136 +
e246 | 6345] 4+ %ie\/ﬁ [_6147 _ 567 26237] or

(b) 4 is a multiple of

(3, —1 4+ 2iev/2, =3, —1 + 246/2,0,0,0,0) and

T = £ [e106 — €135+ 4e2a5 — 2e346] +ieV2 [—e125+ €136+
€246 — €345] + S ieV/2 [—e1a7 + ese7 + 2e237]  OF

(c) v is a multiple of

(0,0,0,0, 1 + 2iev/2, 3, 1 + 2iev/2, —3) and

T = £ [e106 — 2e135 + 4e2a5 — e3a6] + ieV/2 [e125 + €136 —

€246 — €345] + 2 ieV/2 [e1a7 — es67 + 2e237] .

Question Any physical interpretation of the
complex solutions?
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