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A cylinder over the set D ⊂ E2 arises when we move the plane, and

with it the set D, in a fixed direction to a certain height. The cylinder

is the union of all these images of D so arising. The direction of trans-

lation is not necessarily orthogonal to the starting plane E2: we admit

skew cylinders too. Particular examples of this construction include

skew circular cylinders, and the parallelpiped. A simple application

of Cavalieri’s principle yields:

Theorem 57 (Volume of the cylinder). A cylinder over a measurable

base area D with area A and height h has the volume V = Ah.

2.5.3. Euler’s polyhedron formula. First we discuss the concept

of a polyhedron, though we restrict ourselves here, as in the next

section, to convex and compact polyhedra. By a half space in the

space E3 we understand the points lying to one side of a hyperplane,

including the points of the hyperplane. Half spaces are thus closed

subsets of E3.

Definition 6. A convex polyhedron is a subset of E3 which can be

represented as the intersection of finitely many half spaces. If in

addition this subset is bounded (compact) and has interior points

one calls it a polytope.

The boundary of the polyhedron consists of all of its points that lie

on the boundary of at least one of the half spaces determining the

polyhedron. The boundary is clearly the union of convex polygons

in the various planes that bound the polygon. We write f for the

number of polygonal faces, e for the number of its edges, and v for

the number of vertices on the boundary.

Example 6. For a tetrahedron we have v = 4, e = 6 and f = 4. In

the case of the cube v = 8, e = 12 and f = 6.

Theorem 58 (Euler’s polyhedron formula). For every polytope we

have

v − e + f = 2.

Proof. Since the poytope is convex, it is possible to realize its vertices

as points on the sphere, and the edges by arcs [of circles] on the

sphere, by “blowing it up”. The resulting “spherical polytope” has
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the same number of vertices, edges, and faces as the original one,

and the edges do not intersect. Choose an arbitrary interior point

inside any of the faces and project the spherical polytope from this

point into a plane by stereographic projection. Since stereographic

projection is bijective, one obtains a planar configuration of points

connected by edges without crossings, which we shall call a net p1. It

is always bounded by a closed polygonal curve. The actual positions

of the vertices do not matter, only the edges linking them. The edges

themselves are no longer segments, but curves connecting vertices.

Here are three examples of the spherical polytope and the resulting

planar net: These illustrate the configurations for cube, the tetrahe-

dron, and the octahedron (see p. 85): the crosses in the front face

denote the points with respect to which stereographic projection is

carried out. We have numbered the vertices for better understanding

for the octahedron.
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The net p1 has the same number of vertices v1 = v and edges e1 = e

as the original polytope and one face fewer, f1 = f − 1: the missing

face corresponds to the outmost region of the net. Hence we have to

show v1 − e1 + f1 = 1 for the net. For this, one chooses any n-gonal

face of the net and collapses it to a single point (disjoint edges staying

disjoint); the face may well be a 2-gon, as we shall see. In this process,

f1 diminishes by one, n edges disappear, and n vertices become one
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vertex, so that the new planar net p2 satisfies

f2 = f1 − 1, e2 = e1 − n, v2 = v1 − (n − 1),

hence f2 − e2 + v2 = f1 − e1 + v1. The collapsing process leaves the

number that interests us unchanged.

The following picture illustrates this collapsing effect for the nets

given before, with the collapsing face colored for the next step. Since

the net has only a finite number of faces, after finitely many collapsing-

steps we come down to a single point, possibly with edges beginning

and ending in it: These are 1-gons with one face, one edge and one

vertex.

Then any edge can be contracted to this single point without changing

the relevant number. Finally, after k stages, we are left with a single

point, and then fk − ek + vk = 0 − 0 + 1 = 1. ¤


